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CONTENTS OF THE COURSE

• Lecture 1: Introduction to Nanoplasmonics

•Lecture 2: Spaser: Fundamentals and Applications
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LECTURE 1

•Introduction to Materials for Nanoplasmonics

1. Introduction

1.1. Problem of nanolocalization of optical energy

1.2. Surface plasmons and enhanced optical fields

1.3. Applications of surface plasmonics
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PROBLEMS IN NANOOPTICS

Macro- and 

Microscale

Delivery of energy 

to nanoscale: 

Conversion of 

propagating EM 

wave to local fields

Enhancement and 

control of local 

nanoscale fields. 

Enhanced near-

field responses

Ultrafast, 

nonlinear, and 

quantum 

nanoplasmonics 

(SPASER)
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Concentration of optical energy on the nanoscale

Photon: Quantum of 

electromagnetic field

Surface Plasmon: Quantum of 

electromechanical oscillator

Nanoplasmonics in a nano-nutshell

nm 500m ~
2
1 

M. I. Stockman, Nanoplasmonics: The 

Physics Behind the Applications, Phys. 

Today 64, 39-44 (2011).
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Enhanced Local Fields in 

Proximity of  Metal 

Nanoparticle are 

Nanoscale-Localized

Nanoplasmonics: ~10 nm

Field enhancement 

or Quality factor: 

10010~
Im

Re





m

mQ




Nanoplasmonics in a nano-nutshell

Lattice Electrons

Localized Surface Plasmon:

Skin depth, ~25 nm

Spatial dispersion/Nonlocality radius, ~1 nmFv

Mean free path, ~40 nm

Wavelength, ~1000 nm

Polarizability: 

3 ,   2
2

m d
m d

m d

R
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© Trustees of British Museum

I. Freestone, N. Meeks, M. 

Sax, and C. Higgitt, The 

Lycurgus Cup - a Roman 

Nanotechnology, Gold Bull. 

40, 270-277 (2007)

W. A. Murray and W. L. Barnes, 

Plasmonic Materials, Adv. Mater. 19, 

3771-3782 (2007) [Scale bar: 300 nm]
C. Orendorff, T. Sau, and C. Murphy, Shape-

Dependent …, Small 2, 636-639 (2006)

Nanoplasmonic colors are very 

bright. Scattering and absorption 

of light by them are very strong. 

This is due to the fact that all of 

the millions of electrons move in 

unison in plasmonic oscillations

Nanoplasmonic colors are also 

eternal: metal nanoparticles are 

stable in glass: they do not 

bleach and do not blink. Gold is 

stable under biological 

conditions and is not toxic in 

vivo

Scanning electron microscopy

Dark field optical microscopy
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Eternal nanoplasmonic colors (Notre Dame de Paris)
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REUBEN ASHER DAN
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L. Novotny and S. J. Stranick, Annual Rev. 

Phys. Chem. 57, 303-331 (2006)

M. Rang et al., Nano Lett. 8, 3357 (2008)

•J. A. Fan et al., Science 328, 1135 (2010)

•M. Hentschel et al., Nano Lett. 10, 2721 (2010)

K. Li, M. I. Stockman, and D. J. Bergman, 

Phys. Rev. Lett. 91, 227402 (2003)

M. I. Stockman,  Phys. Rev. Lett. 93, 

137404 (2004)

Plasmonic Hot Spots          

Happy 23h Anniversary!
•D. P. Tsai et al., Phys. Rev. Lett. 72, 4149 (1994)

•M. I. Stockman et al., Phys. Rev. Lett. 75, 2450 (1995)

•M. I. Stockman, L. N. Pandey, and T. F. George, Phys. Rev. 

B  53, 2183-2186 (1996)
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30 femtoseconds from life 

of a nanoplasmonic 

systems

Localized SP hot spots are 

deeply subwavelength as 

seen in PEEM 

(photoemission electron 

microscope)

A. Kubo, K. Onda, H. Petek, Z. Sun, Y. S. Jung, and H. K. Kim, Femtosecond Imaging 

of Surface Plasmon Dynamics in a Nanostructured Silver Film, Nano Lett. 5, 1123 

(2005). 
200 nm

PEEM Image as a Function of Delay (250 as per frame)
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Applications of Nanoplasmonics:

1. Ultrasensitive and express sensing and detection using both SPPs and SPs (LSPRs): see,e.g., J. N. 

Anker, W. P. Hall, O. Lyandres, N. C. Shah, J. Zhao, and R. P. Van Duyne, Biosensing with Plasmonic 

Nanosensors, Nature Materials 7, 442-453 (2008); 

2. NSOM (SNOM)

3. Nanoantennas: Coupling of light to nanosystems. Extraction of light from LEDs and lasers [N. F. Yu, J. 

Fan, Q. J. Wang, C. Pflugl, L. Diehl, T. Edamura, M. Yamanishi, H. Kan, and F. Capasso, Small-

Divergence Semiconductor Lasers by Plasmonic Collimation, Nat. Phot. 2, 564-570 (2008)]; 

nanostructured antennas for photodetectors and solar cells; heat-assisted magnetic memory [W. A. 

Challener et al., Nat. Photon. 3, 220 (2009)]

4. Photo- and chemically stable labels and probes for biomedical research and medicine

5. Nanoplasmonic-based immunoassays and tests. Home pregnancy test (dominating the market), PSA test 

(clinic), troponin heart-attack test, and HIV tests (in trials)

6. Near perspective: Generation of EUV and XUV pulses

7. Thermal cancer therapy: L. R. Hirsch, R. J. Stafford, J. A. Bankson, S. R. Sershen, B. Rivera, R. E. 

Price, J. D. Hazle, N. J. Halas, and J. L. West, Nanoshell-Mediated Near-Infrared Thermal Therapy of 

Tumors under Magnetic Resonance Guidance, Proc. Natl. Acad. Sci. USA 100, 13549-13554 (2003). C. 

Loo, A. Lowery, N. Halas, J. West, and R. Drezek, Immunotargeted Nanoshells for Integrated Cancer 

Imaging and Therapy, Nano Lett. 5, 709-711 (2005)
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Metal 

Nanoparticle

Molecule

0 p

p

d







Surface plasmon 

frequency shifts to red 

upon molecules adhesion

Raman radiation (SERS), 

fluorescence, quenching, …

Nanosensors based on 

enhanced local fields 

•X. Zhang, M. A. Young, O. 

Lyandres, and R. P. Van Duyne, 

Rapid Detection of an Anthrax 

Biomarker by Surface-Enhanced 

Raman Spectroscopy, Journal of 

American Chemical Society 127, 

4484 (2005). 

•C. R. Yonzon, C. L. Haynes, X. Y. 

Zhang, J. T. Walsh, and R. P. Van 

Duyne, A Glucose Biosensor Based 

on Surface-Enhanced Raman 

Scattering, Anal. Chem. 76, 78-85 

(2004).
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•L. Novotny and S. J. Stranick, Near-

Field Optical Microscopy and 

Spectroscopy with Pointed Probes, 

Annual Rev. Phys. Chem. 57, 303-331 

(2006).

•A. Hartschuh, E. J. Sanchez, X. S. Xie, 

and L. Novotny, High-Resolution Near-

Field Raman Microscopy of Single-Walled 

Carbon Nanotubes, Phys. Rev. Lett. 90, 

095503 -1-4 (2003).

Use of Enhanced Local Fields for Nano-Microscopy

Metal tip

Nanoparticle

Enhanced Local 

Optical Fields

Scattered 

Light, SERS

Nanoscale
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NSOM images of healthy human

dermal fibroblasts in liquid obtained in 

transmission mode with a 

Nanonics cantilevered tip with a gold 

nanosphere

http://www.nanonics.co.il/
http://www.nanonics.co.il/
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Chirality Changes in Carbon Nanotubes Studied with Near-Field Raman 

Spectroscopy

Neil Anderson, Achim Hartschuh, and Lukas Novotny

Nano Lett. 577 – 582 (2007); DOI: 10.1021/nl0622496

http://dx.doi.org/10.1021/nl0622496
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Next generation of scanning 

near-field optical microscopy 

(SNOM) with chemical 

mapping: 

Adiabatic concentration of 

optical energy and giant 

surface-enhanced Raman 

scattering (SERS); resolution 7 

nm.s

(to be discussed in the course)
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1 – Antigen (hCG)

2 – Primary antibody

3 – Gold nanosphere 

functionalized with 

secondary antibody

1 – Substrate

2 – Gold nanofilm

3 – Latex nanospheres

4 – Gold nanolayer

5 – Antibodies

6 - Analyte molecules

Adapted from:           

T. Endo et al., Anal. 

Chem. 78, 6465 

(2006). 

J.N. Anker et al. , Nature Materials 7, 442  (2008)

SP Sensing and Detection

N. Liu et al., Nat. Mater. advance online 

publication DOI: 10.1038/nmat3029 (2011)
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M. I. Stockman, Nanoplasmonic Sensing and Detection, Science 348, 

287-288 (2015).
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Dawn of the new bold era: seminal first paper on 

laser (originally “optical maser”, then laser)
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The original spaser proposal

Spaser field per one plasmon in the core
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Spaser is the ultimately smallest 

quantum nano-generator

For small nanoparticles, 

radiative loss is 

negligible.

Spaser is fully scalable

D. J. Bergman and M. I. Stockman, Surface Plasmon Amplification by Stimulated Emission of Radiation: 

Quantum Generation of Coherent Surface Plasmons in Nanosystems, Phys. Rev. Lett. 90, 027402-1-4 (2003).
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Plasmon Lifetimes: Quantization without Quantization

General behavior of polarizability close to a (plasmon) pole in quantum

theory [See: V. B. Berestetskii, E. M. Lifshits, and L. P. Pitaevskii,

Quantum Electrodynamics (Pergamon Press, Oxford and New York,

1982)]:

 
p

p








2

0d

Compare this to the polarizability of a nanosphere:
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From this, we find the transition dipole of a plasmon:

 

p

m

d
p R












)(Re

33
2

0 d

Substituting it into standard formula for radiative decay rate, 

, we obtain:  

3

( ) 4
Re ( )

r d
n

m

p

R
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Nonradiative decay rate can be found from the pole of the 

polarizability

02)(  dpm nr
i 

Expanding, we find the non-radiative rate

 
( )

Im ( )

Re ( )

m pnr
n

m

p

 


 


 







Comparing to the radiative rate:
3( )

( )

1
4

Im ( )

r
n

nr
m pn
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20 25 30 35 40 45 50

5

10

15

20

25

30

( )

1
Nonradiative lifetime (fs):   nr nr
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Radiative lifetime (fs):   r r
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Quantization: Quasistatic Approximation

𝛻𝜀(𝒓)𝛻φ(𝒓)=0

𝜀 𝒓 = Θ 𝒓 𝜀𝑚 + 1 − Θ 𝒓 𝜀𝑑 , or:

𝜀 𝒓 =
𝜀𝑑

𝑠 𝜔
𝑠 𝜔 − Θ 𝒓 , where Bergman spectral parameter is

𝑠 𝜔 =
𝜀𝑑

𝜀𝑑 − 𝜀𝑚(𝜔)
Substituting into the field equation

𝛻Θ 𝒓 𝛻φ 𝒓 = 𝑠 𝜔 𝛻2𝜑(𝒓)
This is a linear homogeneous equation that has only trivial solutions

except an eigenfunction φn 𝒓 for an eigenvalue 𝑠𝑛
𝛻Θ 𝒓 𝛻φn 𝒓 = 𝑠𝑛𝛻

2𝜑 𝒓 , 𝑠 𝜔𝑛 + 𝑖𝛾𝑛 = 𝑠𝑛
A problem: What are limits for 𝑠𝑛?

?≤ 𝑠𝑛 ≤?
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Solution:

Multiply both sides by  φn 𝒓
φn 𝒓 𝛻Θ 𝒓 𝛻φn 𝒓 = 𝑠𝑛φn 𝒓 𝛻2𝜑 𝒓

And integrate by parts (use Gauss theorem), getting

𝑠𝑛 =
 𝑉 Θ 𝒓 (𝛻φn 𝒓 )𝟐𝑑𝑉

 𝑉 (𝛻φn 𝒓 )𝟐𝑑𝑉

Because 1 ≤ Θ 𝒓 ≤ 1, these re also limits for 𝑠𝑛,

0 ≤ 𝑠𝑛 ≤ 1

Normalizing  𝑉 (𝛻φn 𝒓 )𝟐𝑑𝑉 = 1 , we get

 
𝑉

Θ 𝒓 (𝛻φn 𝒓 )𝟐𝑑𝑉 = 𝑠𝑛
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Plasmon Quantization: Theoretical Approach

Because the characteristic size of a spaser is much smaller than the

wavelength, the quasistatic approximation in field equations is valid.

Surface plasmon field equations and boundary conditions in a material-

independent form, where are eigenvalues and are eigenfunctions:
ns n

2

2

2

( ) ( )  ( ),  

where   ( ) 1   and   ( e ) 0 ;  

 ( ) ( ) 0  (Dirichlet-Neumann)

Normalization: ( ) 1 is arbitrary but common

n n n

n n

Boundary

n

v

s

metal lsewhere
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Spectral parameter:

Frequency and decay rate of surface plasmons:

Quasielectrostatic energy (Hamiltonian) of an inhomogeneous

dispersive nanosystem (Brillouin formula):

where is the electric field operator.

Problem is to find quantization coefficient 

 
1

( ) 1 ( ) /m ds    


 

n n

 
 

n

n
n

n

n
nnn

d

sd
s

s

s
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)(Re
      where,

)](Im[
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  † 3 ( , )1
 ( , ) ( , )

4 2

d d
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d
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Potential operator is (to be obtained later):

where and are the surface plasmon creation and annihilation

operators. With this, the Hamiltonian becomes

The interaction Hamiltonian of the surface plasmons and two-level

systems (quantum dots) of the active medium is:

Using the perturbation theory, kinetic equation for the population number

of surface plasmons in an n-th mode is:

.
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The Einstein stimulated emission coefficient is

Here pn is the spatial overlap factor, qn is the spectral overlap factor

between the eigenmode intensity and the population inversion,,

Q=ωn /γ is the plasmon quality factor.

𝒅10 is transition dipole element in gain chromophores, 𝑉𝑛 is the

modal volume, 𝜌 𝒓 is the density of the gain chromophores, and 𝑁 is

the number of the gain chromophores within this modal volume

Problem: Assume 𝒅10 = 0.5e nm, 
𝑁

𝑉
=

1

nm3, 𝑄 = 100, 𝛾𝑛 =
1

10 fs

Will it spase?
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Solution

(d2 ν Q)/(hbar γ)/.{d->0.5 e nm, ν->1/nm3, Q->100., γ->1/(10 fs)}

546.923

Yes, it will
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The local RMS field produced by spaser:

is calculated as:
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Spaser gain

shows how many times faster the surface plasmons are born by the

stimulated emission than they decay.
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RESULTS

The resonant nanoparticle is an “engineered” V-shape. The

material is silver; the spatial scale is 2-5 nm/grid unit.
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Calculated gain for thin (three

monolayers of quantum dots)

active medium
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Eigenmodes with highest yields for the spectral maximum at 1.2 eV
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Quantum Theory of Spaser: Quantization of SPs

Brillouin thermodynamic energy:

where angle brackets denote averaging over period in 𝑡 and over a 

quantum state. In quantum case, the field operator

where 𝑎, 𝑎+ are the annihilation and creation operators. 

The averaged value of Hamiltonian is
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From the field equation, 𝛻𝜀 𝒓 𝛻𝜑 𝒓 = 0, it follows immediately by 

multiplying by 𝜑 𝒓 , integrating over volume and using the Gauss 

theorem that  𝑉 𝜀 𝒓 𝑬𝑛 𝒓 2𝑑𝑉 = 0, and we found earlier that 

 𝑉 Θ 𝒓 𝜀 𝒓 𝑬𝑛 𝒓 2𝑑𝑉 = 𝑠𝑛. This leads to (in the vicinity of  𝜔 ≈

𝜔𝑛) to 

From this, we immediately find the required quantization constant
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The quantized SP field is

The spaser Hamiltonian is

where 𝐻𝑔 is the Hamiltonian of the gain medium of the spaser, 𝑝

denotes a chromophore in the gain medium, and  d
𝑝

is the dipole 

transition operator of a 𝑝-th chromophore.
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Quantum Kinetics of the Spaser

Quantum Liouville equation for density matrix 𝜌

After the commutators are evaluated and equations written, relaxation 

is added since no relaxation can be described by Hamiltonian in a 

truncated system. As an example consider

For a resonant (“working”) transition in a gain chromophore

We set resonant approximation (“Rotating Wave Approximation”, 

RWA) as 

[ , ]i H
t
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Substituting leads to an equation

Separating positive- and negative-frequency parts, we get

Finally, introducing polarization relaxation rate Γ12, the final form is

This is an equation describing polarization of a gain chromophore

Similarly, for population inversion 𝑛21 = 𝑛2 − 𝑛1, we have
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Finally, the equations for motion for plasmonic amplitude are

Similarly to Schawlow-Townes theory of laser linewidth, the 

spontaneous emission of SPs into the spasing mode leads to the 

diffusion of the phase of the spasing state. This mechanism defines 

the spectral width of the spasing line as 

  ( )* ( )
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arXiv:0908.3559

Journal of Optics, 

024004-1-13 (2010).

http://arxiv.org/abs/0908.3559
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Number of plasmons per spasing mode:

Inversion between the spasing transition levels:
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SPASER Threshold Condition [Consistent with PRL 90, 027402-1-4 (2003)]:

arXiv:0908.3559

Journal of Optics, 

024004-1-13 (2010).

The spasing is 

essentially a 

quantum effect.

It is non-

relativistic: does 

not depend on c

http://arxiv.org/abs/0908.3559
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Stationary (CW) 

spaser regime

Inversion vs. 

pumping rate

Line width vs. 

pumping rate

Spectral shape 

of spaser line

Spectral shape 

of spaser line

Spectral shape 

of spaser line

SPN/1 width line Spectral 

Plasmon number 

vs. pumping rate

This quasilinear dependence  of 

the number of plasmons per 

mode  Nn(g) is a result of the 

very strong feedback in spaser 

due to the small modal volume

arXiv:0908.3559

Journal of Optics, 12, 

024004-1-13 (2010).

1

s g  

http://arxiv.org/abs/0908.3559
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Gain of bulk medium required for spasing and for loss compensation

by gain: M. I. Stockman, Spaser Action, Loss Compensation, and

Stability in Plasmonic Systems with Gain, Phys. Rev. Lett. 106, 156802-

1-4 (2011); Phil. Trans. R. Soc. A 369, 3510 (2011).
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Realistic  gain for direct 

band-gap semiconductors

with optical pumpimg 
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Amplification in Spaser without a 

Saturable Absorber

Stationary 

pumping

Pulse pumping

SP coherent population Population inversion

SP coherent population Population inversion
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Amplification in Spaser with a Saturable 

Absorber (1/3 of the gain chromophores)

Stationary 

pumping

Pulse pumping

SP coherent population Population inversion

SP coherent population
Population inversion

Bandwidth ~ 10-100 THz

Very high resistance to ionizing radiation
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Experimental Observations of 

Spaser
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1d  plasmonic field confinement
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2d  plasmonic field confinement
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Y.-J. Lu et al., Nano Lett. 14, 4381 (2014)
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V. Apalkov and M. I. Stockman, Proposed Graphene Nanospaser, NPG: Light Sci. Appl. 3, e191 (2014).
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Smooth surface
Rough surface

Random Spaser
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Phys. Rev. 

Lett. 110, 

206802-1-5 

(2013)
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Explosive (DNT) 

detection
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Applications in Biomedicine: Why spaser is efficient as fluorescent, 

photothermal and photoacoustic agent? It does not saturate! 

Absorption cross section as a function of the pumping rate for different 

loads r of spaser

M. Javani, H. Koochaki,  and M. Stockman 

(In preparation)
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Spaser Radiation Sensing of a Nanobubble Surrounding Spaser 

“Giant Spaser” Effect 
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Spaser Label Radiation
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Spaser Geometry and 

Elemental Composition
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Spasers incide a Cell: Fluorescence, Electron Microscopy, and 

Phototermal Image
(A-B), Fluorescence image of breast cancer cells (MDA-MB-231) with a single spaser (A) and multiple (B) 

spasers. Pump parameters: wavelength 488 nm; pump pulse width 10 ns; beam diameter 20 µm; energy 

fluence 80 mJ/cm2 (A), 150 mJ/cm2 (B). Incubation time: 10 min (A) and 60 min (B). (C), TEM image of 

single and clustered spasers on a breast cancer cell (MDA-MB-231) membrane after 30 min cell incubation at 

37 °C; (D), PT image of cancer cell labeled with spasers (false colors). 
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Spaser as an Efficient Biocompatible Theranostic Agent: 

Toxicity and Efficacy Tests 
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(A) Bright field of control cancer cell (MDA-MB-

231) cell with no spasers (1), integration of 

fluorescent and bright field of the same cell 

labeled with spasers at a low concentration (2); 

fluorescent imaging of bubble formation (3, arrow) 

in a cell with a moderate spaser concentration (3); 

bubble formation (white arrow) leading to cell 

fragmentation (red arrows) at a high spaser 

concentration (4). (B) Cell viability tests for cancer 

cells (MDA-MB-231) at different spaser 

concentration using CellTiter-Glot assay before 

(blue) and after (red) laser irradiation (100 mJ/cm2, 

1 Hz, 3min). (C) Cell viability tests for endothelial 

cells (2H11) at different spaser concentrations 

using CellTiter-Glot assay before (blue) and after 

(red) laser irradiation (100 mJ/cm2, 1 Hz, 3min). 

Standard deviations (SD) for each column are in 

the range of 15-20%.

Spaser as an Efficient Biocompatible Theranostic Agent: 

Efficacy and Selectivity Tests 
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Detection of Spasers and Labeled Cancer Cells in vitro and in 

Animal Model (Mouse) in vivo

(A) Schematic of laser irradiation of cells in blood in slide. (B-C) Transmission (B) and combined fluorescence (C) image at 

energy fluence of 20 mJ/cm2 (below the spasing threshold) of single cancer cell in human blood in slide in forward direction. 

(D) Fluorescence images of single cell in human blood at depth of 1 mm in backward direction at energy flounce of 120 

mJ/cm2 (above the spasing threshold). (E) Schematic of intradermal injection of spaser suspension into of mouse ear tissue. 

(F) PA spectral identification of spasers in ear tissue inside (red) and outside (blue) injection area using tunable optical 

parametric oscillator (OPO) with diameter of 15 µm and energy fluence of 20 mJ/cm2. (G- H) Transmission (G) and 

fluorescence (H) images of mouse ear fragment with blood vessels and two spots with spasers. Laser pump parameters:

wavelength, 488 nm; beam diameter: 50 µm; energy fluence intensity, 120 mJ/cm2
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Functionalized 

Spaser as a 

Selective Label
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The most important technological application: Information processing

MOSFET US 

Patent

Speed ~ 100-300 GHz 

Low resistance to 

ionizing radiation

P. Packan et al., in 2009 IEEE International Electron Devices Meeting (IEDM), High Performance 32nm 

Logic Technology Featuring Second Generation High-K + Metal Gate Transistors  (Baltimore, MD, 2009), 

Vol. IEDM09-662, p. 28.4.1-28.4.4

Processor speed :                                           Transistor speed is not a limiting factor!

Charging the interconnects is. max drive Intercon 3 GHzf I C U 

Abstract:

A 32nm logic technology for high performance microprocessors is described. 2nd generation high-k + metal gate transistors 

provide record drive currents at the tightest gate pitch reported for any 32 nm or 28nm logic technology. NMOS drive  

currents are 1.62mA/um Idsat and 0.231mA/um Idlin at 1.0V and 100nA/um Ioff.  PMOS drive currents are 1.37mA/um 

Idsat and 0.240mA/um Idlin at 1.0V and 100nA/um Ioff. The impact of SRAM cell and array size on Vccmin is reported.
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Nanospaser with electric excitation 

(“pumping”) does not exist as of today 

yet, but fundamentally it is entirely 

possible

2

2

L
RC

r
 

No  electric 

charging of 

interconnects! 

Charging time 

does not  

depend on scale

D. Li and M. I. Stockman, 

Electric Spaser in the Extreme 

Quantum Limit, Phys. Rev. Lett. 

110, 106803-1-5 (2013)
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• CONCLUSIONS

•Spasers are plasmonic nanolasers that have been demonstrated to

generate in a wide range of optical frequencies: from near-UV to

near-IR

•Various designs of spasers have been implemented incuding but not

limited to:

•metal core/gain shell

•gain semiconductor nanorod over continuous metal nanofilm

•metal/gain semiconductor/metal

• First application of spasers in explosives detection have been

demonstrated

• Cancer diagnostics and therapeutics (theranostics) using spasers

have been established

• For on chip communications, the spaser is the only realistic

candidate as a source of optical near-field energy controlled by a

transistor
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SPIE Optics & 

Photonics 2010 San 

http://www.phy-

astr.gsu.edu/stockman

Lecture 1    p.90
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