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Abstract

We present a pedagogical discussions of the dynamical meareld (DMFA) and dynamical clus-
ter (DCA) approximations and associated Monte Carlo and entopy-based methods of Bayesian
data analysis. The DMFA and DCA methods are developed as co&e-graining approximations
and the relationship between the cluster and lattice problens are detailed. The Hirsch-Fye and
continuous time Quantum Monte Carlo (QMC) algorithms are used to solve the cluster problem.
The algorithms are discussed, together with methods for e dent measurements and the modi ca-
tions required by the self-consistency of the DMFA/DCA. Then, several principles of Bayesian data
analysis are presented. When coupled with information theoy, this analysis produces a precise
and systematic way to analytically continue Matsubara-time QMC results to real frequencies. We
show how to use Bayesian inference to qualify the solution othe continuation and optimize the
inputs. Besides developing the Bayesian formalism, we alspresent a detailed description of the
data quali cation, sketch an e cient algorithm to solve for the optimal spectra, give cautionary

notes where appropriate, and present two detailed case stues to demonstrate the method.

PACS numbers: 02.60.Pn, 71.27.+a, 89.70.Cf, 02.70.Hm, 020.Ss, 02.70.Uu, 07.05.P
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Some of the most exotic properties of materials, includingigh-temperature supercon-

ductivity, magnetism, and heavy Fermion and non-Fermi liqid behaviors, are due to strong

electronic correlations. The materials which display thesproperties are characterized by

either narrow electronic bands or compact orbitals with lage angular momentum in the

valence shell. In either case, the potential energy assdeid with some of these electronic

degrees of freedom is of similar magnitude or larger than tineelectronic kinetic energy

(bandwidth), which invalidates conventional perturbative approaches. Thus, we resort to

the construction of simpli ed models to study these systems
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FIG. 1: Cartoon of the Hubbard model, characterized by a singe band with near-neighbor hopping

t, and local repulsionU.

AR

FIG. 2: Cartoon of the periodic Anderson model, characteried by two bands one with near-

neighbor hoppingt with a local hybridization V to a second band with local repulsionU.

For example, the Hubbard modél is the simplest model of a correlated electronic lattice
system. Both it and thet J model are thought to at least qualitatively describe some
of the properties of transition metal oxides, and high tempature superconductors. The
periodic Anderson model along with various Kondo lattice miels have been proposed to
describe both the actinide and lanthanide heavy fermion signs and the Anderson insula-
tors. The Holstein model incorporates the essential physiof strongly interacting electrons
and phonons. All of these model Hamiltonians contain at lea$wo major ingredients: a
local interaction term and a non-local hopping term. For exaple, the Hubbard model
Hamiltonian is

H:t£(¢q+dqy*%mVHMHU%W"1ﬂmw]ﬁﬁ ®
ki J J
Wherecjy (G ) creates (destroys) an electron at sitewith spin , n; = d ¢ ,tisthe nearest
neighbor hopping which sets the unit of energy antll is the on-site Coulomb repulsion
between the electrons. The periodic Anderson model (PAM) Hailtonian is
1,

X X Ux 1
H= t (g +dd)+V @f +¥d)+ - 0f 0l 2 @

<ij> i i
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Periodic Lattice

) Effective Medium

FIG. 3: Quantum cluster approaches, like the DMFA and DCA, map the in nite lattice problem

onto a self-consistently embedded cluster problem.

whered, andf; (d' andf’) destroy (create) a d- and f-electron on sité with spin , U
is the screened Coulomb-matrix element for the localizedstates andV characterizes the
mixing between the two subsystems, f and respectively d otais.

However, except for special limits, even such simplied mets like Eq. 1 cannot be
solved exactly. For example, for the Hubbard model, no exasblutions exist except in one
dimension, where the knowledge is in fact rather compléteThe periodic Anderson model
is only solvable in the limit where the orbital degeneracy sderge$, and the Holstein model
is only solvable in the Eliashberg-Migdal limit where verte corrections may be neglected.
Clearly a new approach to these models is needed if nontrivexact solutions are desired.

Metzner and Vollhardt suggested such a new approath based on an expansion in=d
about the point d = 1 to study these strongly correlated lattice models. The rediu
ing formalism neglects dynamical intersite correlations e retaining the important local
dynamical correlations. The resulting formalism is calledhe Dynamical Mean Field Ap-
proximation (DMFA) since it may be employed in any dimension but is only exact on
in nite dimensional lattices. In nite dimensions, the Dynamical Cluster Approximation
(DCA) is used to study systematic non-local corrections tohte DMFA®°. Quantum cluster
approaches such as the DMFA and DCA work by mapping an in nitgperiodic lattice onto
a self-consistently embedded cluster problem, as illustel in Fig. 3. Correlations up to the

cluster size are treated explicitly, while those at longerehgth scales are treated in a mean



eld. The DMFA/DCA cluster problem may be solved by a variety of methods; however,
Quantum Monte Carlo (QMC) is the rst numerically exact method employed® and remains
the most powerful and adaptable method.

In this article, we will present a pedagogical discussion @ complete suite of QMC-
based formalisms and algorithms for the DMFA and DCA. In Sedl we will rst rederive
the DMFA as a course-graining approximation, extend this Igic to derive the DCA, and
then describe how physical quantities are calculated in thiformalism. In Sec. Il we will
discuss two powerful QMC algorithms used to solve the embeeldl cluster problem of the
DMFA/DCA. Finally, in Sec. IV we will discuss entropy-basedBayesian data analysis and its

use to analytically continue the Matsubara time or frequencQMC data to real frequencies.

II. THE DYNAMICAL MEAN FIELD AND CLUSTER APPROXIMATIONS
A. The Dynamical mean- eld approximation

The DMFA is a local approximation which was used by Kuramoton perturbative calcu-
lations as a simpli cation of the k-summations which rendethe problem intractable!!. But
it was after the work of Metzner and Vollhard® and Maller-Hartmann® who showed that
this approximation becomes exact in the limit of in nite dimension that it received extensive
attention. In this limit, the spatial dependence of the selenergy disappears, retaining only
its variation with time. Please see the reviews by Pruschket al*> and Georgeset al*® for a
more extensive treatment.

In this section, we will show that it is possible to re-interpet the DMFA as a course
graining approximation. For a two-dimensional lattice, ths is equivalent to averaging, or
coarse-graining, the Green's functions used to calculatbe irreducible diagrammatic inser-
tions over the Brillouin zone.

Muller-Hartmann © showed that this coarse-graining becomes exact in the linof in nite-
dimensions. For Hubbard-like models, the properties of thbare vertex are completely
characterized by the Laue function which expresses the moentum conservation at each
vertex. In a conventional diagrammatic approach

(Kikoikaike) = explr (kit ks ks kg 3)

r

=N ki+kaka+ky



A=N 5k1+k2,k3

FIG. 4: The Laue function , which described momentum conservation at a vertex (left). In the
DMFA, =1, so momentum conservation is neglected for compact graphs (right) so that we may

freely sum over the momentum labels leaving only local propgators and interactions.

N =1 DMF
G r=I() r=0
y kA= neglect
G(k)—>G<I":O) cons.
V(k)=V(r=0)

FIG. 5. The second order contribution the generating functional . As we apply the DMFA
coarse-graining approximation, Eq. 4, becomes a functioral of the local Green's function and

interaction.

where k; and k, (ks and k4) are the momenta entering (leaving) each vertex through its
legs ofG. However as the dimensionalityd ! 1 Muller-Hartmann showed that the Laue

function reduces té
pin (Ki;ko ks ks) =1+ O(1=D) . (4)

The DMFA assumes the same Laue function, pyra (K1;K2; ks; ks) = 1, even in the context
of nite dimensions. More generally, for an electron scattig from an interaction (boson)
pictured in Fig. 4, pmra (K1;Kz; k3) = 1. Thus, the conservation of momentum at internal
vertices is neglected. We may freely sum over the internal mentum labels of each Green's
function leg and interaction leading to a collapse of the moemtum dependent contributions
leaving only local terms.

This argument may then be applied to the generating functicad . It is the sum over

7



all closed connected compact graphs constructed from theedsed Green's functiors and
the bare interaction. The self energy is obtained from a functional derivative of |,
= =G , and the irreducible vertices o= = G°. The second order contribution
to for a Hubbard-like model is illustrated in Fig. 5, becomes a functional of the local
interaction and Green's function. The self energy may be otained from a functional
derivative of with respect to the Green's function G, which e ectively breaks one of the

Green's function lines.

Q X=0

X=0 X=0 X=0 X=0

FIG. 6: The DMFA self energy. Note that it contains local self energy corrections See, e.g., the
third graph. To prevent overcounting these contributions, the local self energy must be excluded,

c.f., Eg. 5 from the Green's function line used in most cluste solvers.

The perturbative series for , and the irreducible vertice s in the DMFA are identical
to those of the corresponding impurity model, so that convéional impurity solvers may
be used. However, since most impurity solvers can be viewesl methods that sum all the
graphs, not just the skeletal ones, it is necessary to exckid i! ) from the local propagator
G input to the impurity solver in order to avoid overcounting the local self-energy (! )

(" n=(@2n+1) T isthe Matsubara frequency).

G(it n) *=G(iln) T+ (i) (5)

where G(i! ) is the full local Green's function. Hence, in the local apmximation, the
Hubbard model has the same diagrammatic expansion as an Ansien impurity with a bare
local propagatorG(i! ,,; ) which is determined self-consistently.

An algorithm constructed from this approximation is the folowing: (i) An initial guess

for (il ) is chosen (usually from perturbation theory). (i) (1! ;) is used to calculate the



QMC =1 Analysis
[ shet) | ¢,n(k)

G'=G*+S S=G-G" MEM

' geseg || W)W

FIG. 7: The DMFA algorithm. QMC is used as a cluster solver. Once convergence is reached,
G = G, and the irreducible quantities are used in the analysis andMaximum Entropy Method

(MEM) codes to calculate the phase diagram and spectra, resgctively.

corresponding local Green's function
z 0
d - Q) . ;
i' (i y)

where © is the non-interacting density of states. (iii) Starting fom G(i! ,) and ( i! ,) used

G(it n) = (6)

in the second step, the host Green's functios(i! ,) * = G(i! ,) *+ ( i! ,) is calculated
which serves as bare Green's function of the impurity model(iv) Starting with G(i! ),
the local Green's functionG(i! ,) is obtained using the Quantum Monte Carlo method (or
another technique). (v) Using the QMC output for the clusterGreen's functionG(i! ) and
the host Green's functionG(i! ,,) from the third step, anew (i!' ,)= G(i!' ,) * G(i! ,) !
is calculated, which is then used in step (ii) to reinitializ the process. Steps (ii) - (v) are
repeated until convergence is reached. In step (iv) the QMGgwrithm of Hirsch and Fye#+*®
may be used to compute the local Green's functio@( ) or other physical quantities in imag-
inary time. Local dynamical quantities are then calculatedby analytically continuing the

corresponding imaginary-time quantities using the Maximen-Entropy Method (MEM) 16,

B. The Dynamical Cluster Approximation

In this section, we will review the formalism which leads toite dynamical cluster approx-
imation. Here, we rst motivate the fundamental idea of the BCA which is coarse-graining,
we then describe the mapping to an e ective cluster problemnal discuss the relationship

between the cluster and lattice at the one and two-particleelel.



1. Coarse-Graining

Like the DMFA, the DCA may be intuitively motivated with a coarse-graining transfor-
mation. In the DMFA, the propagators used to calculate and its functional derivatives
were coarse-grained over the entire Brillouin zone, leadjio local (momentum independent)
irreducible quantities. In the DCA, we wish to relax this cowdlition and systematically re-
store momentum conservation and non-local corrections. Th, in the DCA, the reciprocal
space of the lattice (Fig. 8) which containaN points is divided into N cells of identical
linear size k. The coarse-graining transformation is set by averaging ¢hGreen's func-
tion within each cell. If N. = 1 the original lattice problem is mapped to an impurity
problem, and we recover the DMFA. IfN. is larger than one, then non-local corrections of
length = k to the DMFA are introduced. Provided that the propagators ae su ciently
weakly momentum dependent, this is a good approximation. M. is chosen to be small, the
cluster problem can be solved using conventional technicgieuch as QMC. This averaging
process also establishes a relationship between the systeshsizeN and N.. A simple and
unique choice which will be discussed in Sec. [IB2 is to eqeathe irreducible quantities

(self energy, irreducible vertices) of the cluster to thosa the lattice.

2. A diagrammatic derivation

This coarse graining procedure and the relationship of the @A to the DMFA is illus-
trated by a microscopic diagrammatic derivation of the DCA &rting again from the Baym
generating functional °. The DCA systematically restores the momentum conservatioat
internal vertices of relinquished by the DMFA. The Brillou in-zone is divided intoN, = LP
cells of size k =2 =L (c.f. Fig. 8 for N, = 8). Each cell is represented by a cluster mo-
mentum K in the center of the cell. We require that momentum conservain is (partially)
observed for momentum transfers between cells, i.e., for mentum transfers larger than

k, but neglected for momentum transfers within a cell, i.e.glss than k. This requirement

can be established by using the Laue functién

pca (K1, K2; Kz Ka) = Ne M (ki) M (ko):M (ka)+ M (ka) (7)

whereM (k) is a function which mapsk onto the momentum labelK of the cell containing

k (see, Fig. 8). This choice for the Laue function systematitha interpolates between the

10



FIG. 8: (left) Coarse-graining cells for N = 8 (di erentiated by alternating |l patterns) that
partition the rst Brillouin Zone (dashed line). Each cell i s centered on a cluster momentunK
(lled circles). (right) To construct the DCA cluster (e.g. for N. = 8) we map a generick to the

nearest cluster pointK = M (k) so that K= k K remains in the cell aroundK .

N_>1 DCA K+0

k sz:Nc5M(kl)+M(kz),M(k3)> g]aor;iﬁl

4 G(k)ﬁg(K) cons.
Vik)-V(K)

K'+0

FIG. 9: A second-order term in the generating functional of the Hubbard model. Here the undu-
lating line represents the interaction U, and on the LHS (RHS) the solid line, the lattice (coarse-
grained) single-particle Green's functions. When the DCA Laue function is used to describe mo-
mentum conservation at the internal vertices, the momenta ollapse onto the cluster momenta and

each lattice Green's function is replaced by the coarse-graed result.

exact result, Eqg. 4, which it recovers wheiMN.! N and the DMFA result, Eq. 4, which it
recovers wherN. = 1. With this choice of the Laue function the momenta of eachnternal
leg may be freely summed over the cell.

This is illustrated for the second-order term in the generatg functional in Fig. 9. Each

11



screening
cloud 2(r)

FIG. 10: Screening of a propagating particle. The single péicle Green's function, which describes
the quantum phase and amplitude the particle accumulates, $ poorly approximated by a small
cluster calculation. Its self energy, which describes gemally short ranged screening processes, can

be well approximated by a small cluster calculation.

internal leg G(k) in a diagram is replaced by the coarse{grained Green's fuman G(M (k)),
de ned by

N, X
G(K) + GK+ER) ®)

’¢
whereN is the number of points of the lattice,N. is the number of clusterK points, and the

R summation runs over the momenta of the cell about the clustenomentumK (see, Fig. 8).
The diagrammatic sequences for the generating functionaha its functional derivatives are
unchanged; however, the complexity of the problem is gregtteduced sinceN.  N.

As with the DMFA, the coarse-graining approximation will beapplied to only the compact
part of the free energy, , and its functional derivatives. Fhysically, this is justi ed by the
fact that irreducible terms like the self energy are short reged, while reducible quantities
like G must be able to capture long length and time scale physics. iBhis motivated in
Fig. 10. As the particle propagates from the origin to spacegme location x, the quantum
phase and amplitude it accumulates is described by the siegparticle Green's function
G(x). Consequently ifx is larger than the size of the DCA cluster, thenG(x) is poorly
approximated by the cluster Green's function. However, thaself energy describes the
many-body processes that produce the screening cloud swmding the particle. These
processes are generally short ranged in a strongly corrgdtmany-body system, so the self
energy is often well approximated by the cluster quantity. &rmally, we have justi ed this
elsewhere by exploring the k-dependence of the compact and non-compact parts of the
free energy’. The generating functional is the sum over all of the closedonected compact

diagrams, such as the one shown in Fig. 9.

12



The corresponding DCA estimate for the free energy is
Foca = keT( ¢ TI[ G] Trin[ G]); 9)

where . is the cluster generating functional. The trace indicatesusnmation over frequency,

momentum and spin.Fpca IS stationary with respect toG when

1 I:DCA
ke T G (K)

= ¢ (M(k) (k)=0; (10)

which means that (k) = . (M(k)) is the proper approximation for the lattice self energy

corresponding to .. The corresponding lattice single-particle propagator ithen given by

1 .
(M (k);z)

A similar procedure is used to construct the two-particle gantities needed to determine

qmazz (11)

the phase diagram or the nature of the dominant uctuations hat can eventually destroy
the quasi-particle. This procedure is a generalization ohé method of calculating response
functions in the DMFA%8, In the DCA, the introduction of the momentum dependence
in the self-energy will allow one to detect some precursor toansitions which are absent
in the DMFA,; but for the actual determination of the nature of the instability, one needs
to compute the response functions. These susceptibilitiase thermodynamically de ned as
second derivatives of the free energy with respect to extainelds. G) and ., and
henceFpca depend on these elds only throughG and the bareG°. Following Baym® it

is easy to verify that, the approximation
;0 c; © c=Go (12)

yields the same estimate that would be obtained from the sew derivative of Fpca with
respect to the applied eld. For example, the rst derivative of the free energy with respect

to a spatially homogeneous external magnetic elth is the magnetization,
m=Tr[ G ]: (13)

The susceptibility is given by the second derivative,

" #
@m_ @G

13
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We substitute G =(G° ! ) ', and evaluate the derivative,

" # I#
G G
Om . @6 _ g g 14 @ @

@h @h @G @h

(15)

If we identify . o= @@Gh", and ° = G2, collect all of the terms within both traces, and

sum over the cell moment&, we obtain the two{particle Dyson's equation

2( ) (16)
=2°%+2 0 c; c; ( o)

We see that again it is the irreducible quantity, i.e., the vaex function, for which cluster

and lattice correspond.

3. Cluster Selection

The geometry of the DCA cluster is relevant for systematic sdies of phase transitions.
All cluster geometries which can be used to tile the lattice Mhout gaps are valid (c.f.
Fig. 11). In this approximation, the lattice has long range aler once the correlation length

of the order reaches the linear cluster size, since then thatice tiled with such clusters

14



. Better Nc=16

Bad NC=16 cluster cluster
16A
16B n #
n| # 0 1
01 1 4
1| 4 2 7
2| 6 3 4
3| 4
4] 1

FIG. 12: Two sixteen (N. = 16) site periodic clusters. Here, the neighbors to the blak site are

shown di erent patterns.
would be ordered. A scaling ansatz fof, which captures these ideas 3%
(Te(Ne)) = NG 17)

So for a typical transition, with (T)/j T T.j (whereT, is the transition temperature
of the thermodynamic lattice), the scaling formulaisT, = Tc(N.) A(N.) P , whereA,
and T, are tto the data T.(N.). However, clearly this approach will not apply to clusters
with strange geometries, like e.g., rods in a 2D system.

Ideal clusters should properly represent all length scaleg to NP, and no others.
Consider the 16-site clusters shown in Fig. 12, the number ogighbors in each neighbor
shell are shown in the adjacent tablé$. On the lattice, the nth shell has 4n neighbors. Both
16A and 16B have complete near neighbor (n=1) shells with foumear neighbors. However,
the conventional square cluster 16B, has 6 (not 8) sites in&hn=2 shell, has 4 (not 12) in
the n=3 shell, and even on site in the n=4 shell. The cluster %6is far better, with no site
in the n=4 shell and a nearly complete n=2 shell.

Betts?! explored dierent cluster geometries, and realized that tare are few clusters
with the same geometry (point group) as the lattice, but far rore with lower symmetry,
that are often superior. He selected clusters based on ndighs in a given shell, symmetry,
and squareness. Since for a given cluster size, one incottgphell is usually inevitable, he
classi ed the imperfection of each cluster by the number ofites missing in nearer shells,
rather than the number in an incomplete one and the number oftss in farther shells. Thus,
16B has an imperfection of three while 16A has an imperfeatiamf one. The imperfection

number is the most important selection criteria.
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C. Calculation of Physical Properties

Most experiments measure quantities which we can expres®tretically as reducible one
or two-particle Green's functions. As discussed above, theppropriate way to calculate
these quantities is to rst extract the corresponding irredicible quantity from the cluster
calculation, and then use it to calculate the reducible qudity. For example, to calculate
the single-particle Green's function (relevant for angleesolved photoemission spectroscopy)
we rst extract the cluster self energy and use the Dyson eqtian to construct the lattice
Green's function. To calculate the phase diagram, we caleté the irreducible vertices in the
di erent scattering channels , and insert them into the Bethe-Salpeter equations for the
lattice. In this subsection we will provide more details abat the relationship between the
lattice and cluster two-particle Green's functions and desibe how a lattice susceptibility
may be calculated e ciently.

a. Particle-hole channel As a specic example, we will describe the calculation of the

two-particle Green's function
Z Z zZ Z

;O(Clik;i&: o o0 o Od1d2d3d4

dn+ )1 tn2tlios (Lhot ) 4)

hTahg (D& (280 o 3)Ckorq of a)i

where we adopt the conventional notatioff k = (k;i! ), k°=(k;!9),q=(q; n)and T is
the time ordering operator.

- o(g;k;K)and . o(q; k; K are related to each other through the Bethe-Salpeter equa-
tion (Fig. 13):

ok K) = % ok K+ 0 ol k; K
00 oo(q; ko? kOO’) 009 o(q; kO0,0k% (18)

where . o(q;k; K9 is the two-particle irreducible vertex which is the analoge of the self-
energy, % o+(q;k; K% is the non-interacting susceptibility constructed from apair of fully-
dressed single-particle Green's functions. As usual, a somation is to be made for repeated
indices.

We now make the DCA substitution . o(q;k;k9 ! ¢. o(q; M (k); M (k9) in Eq. 18
(where frequency labels have been suppressed). Note thatyothe bare and dressed two-

particle Green's functions depend upon the moment& within a cell. Since and 9 in

16
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DCA: T *(kk') = T, *(M(k),M(k)), k=K+k, sum onk

—t e K Ky SUSHENEREEN S
x —_ xo 6KK'-I_ x() F x
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FIG. 13: The Bethe-Salpeter equation in the DCA. We approximate the lattice irreducible vertex
by the . from the DCA cluster and coarse-grain over thekK. The remaining equation is a

function of the cluster K only and may be solved by inversion.

the product on the RHS of Eqg. 18 share no common momentum labgive may freely sum

over the momentak within a cell, yielding

oK Ky = 0 (K K9+ 0 o KK
¢ 00 oo{Q; KO?KOO}) 000 o(q; KOO;OK%Z (29)

By coarse-graining the Bethe-Salpeter equation, we haveegtly reduced its complexity;
each of the matrices above is su ciently small that they may ke easily manipulated using
standard techniques.

In contrast with the single-particle case where the coarggained quantities are identical
to those of the cluster, .. o(q;K;K9 is not equal to . o(q;K;K9. This is because the
self-consistency is made only at the single-particle levdlnlike the single particle case where
both ( K) and G(K) are directly calculated, neither . o(q; K; K 9 nor the coarse-grained
susceptibility . o(q; K; K9 are calculated during the self-consistency. Instead, theparse-
grained non-interacting susceptibility ¢ o(q; K; K 9 is calculated in a separate program after

the DCA converges using the following relation

c;) of(a; i n); (Kl p); (KG r?)]: D0 KKO 1,110
%X GK+Ki' )G (K+R+q;i' v+ ) . (20)

K

The corresponding cluster susceptibility is calculated byhe cluster solver and the vertex

17



function is extracted by inverting the cluster two-particke Bethe-Salpeter equation

o o @KiKY = & oo KK+ 0 g KK
c 00 oodQ; KO?KOO? c 000 o(d; KOO;OK%: (21)

If we combine Egs. 21 and 19, then the coarse-grained susdapty may be obtained after

elimination of ( q;K;K 9 between the two equations. It reads
1_ 1 ot, 0 1; (22)

where, for example, is the matrix formed from . o(q;K;K 9 for xed g. The charge ¢h)
and spin (sp) susceptibilities ¢h.sp(q; T) are deduced from

(ke T)?
N&

chisp(d; T) = o o(d;K;KY (23)

KK 0 ©

where o= 1 for the charge channel and o= %for the spin channel.

b. Particle-particle channel The calculation of susceptibilities in the particle-partcle
channel is essentially identical to the above. The excepticto this rule occurs when we
calculate susceptibilities for transitions to states of lwer symmetry than the lattice sym-
metry. For example, in order to obtain the pair function of tre desired symmetry §; p; d),
the two-particle Green's function must be multiplied by thecorresponding form factorg(k)
and g(k9. In the study of the Hubbard model below, we will be particuarly interested in
g(k) =1 (s wave), g(k) = cogky)+ cogky) (extendeds wave) andg(k) = cogky) cogky)
(dy2 2 wave). These symmetries have been evoked as possible caateisl for the supercon-
ducting ground state.

These factors modify the Bethe-Salpeter equations

g(k) (a;k; Kk = g(k) °(a; k; Kg(k9 (24)
+ g(k) %k kY (g KK (q; K9 g(k9

where

zzzz
(q;k; K = . did.dsd 4 (25)

0O 0 O
ei((!n+ Y1 'n2tl 03 (Phot ) 4)

hTa,q () (2)Ck (3)&auq (a)i
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FIG. 14: Calculation of particle-particle projected susceptibilities. Often we want to calculate
a projected particle-particle susceptibility (e.g. d-wave, with g¢ = cos(kx) cosky)). Here the
Bethe-Salpeter equation is rewritten in terms of the irreduible vertex F. We approximate the
lattice irreducible vertex by the . from the DCA cluster and coarse-grain over thek. Then
the projected bare bubbles are calculated, and the remainig equation is a function of the cluster

K only and may be solved by inversion.

On the LHS, we have dropped the spin indices since we will cather only opposite-spin
pairing. Eg. 24 cannot be easily solved if it is coarse-gra&d, since this will partially convolve

(g; k; K9 with two factors ofg on the LHS andonefactor on the RHS. Hence for the pairing
susceptibilities, or for any situation where non-trivial brm factors must be used, we use the

equivalent equation involving the reducible vertex* (instead of the irreducible vertex )

a(k) (a;k;Kgk) = g(k) °(a;k;K)g(k9
+ g(k) °(g; k; K%
F(a; K9K® °(a; KPkYg(k9; (26)
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where

F(a;k k) = (g kK (27)
+ 0(g; k; K ( ;KK O(q; K% +
We de ne
aa(@ K K) = g(k) (a;k; K)g(k9 (28)
So(di ki k) = gk) °(a; k; K)g(k9 (29)
2Ok K) = gk) °%a;k; K (30)

The remaining steps of the calculation are similar to the pé#icle-hole case. We invert
the cluster particle-particle Bethe-Salpeter equation wh g = 1 for the cluster, in order
to extract .. We then coarse-grain Eq. 27, and use. to calculate the coarse-grained
F= (1 0 ) ', We then coarse-grain Eq. 26, and use the coarse-grairtedo calculate

the coarse-grained g4

oo KK = 5 (0K K9 (31)
+ A KK To(g; KK P 0(g; KWK 9 :

The pairing susceptibility of a desired symmetry is given by

(ke T)? X

Pg(a; T) = N2 a(A K KY . (32)

K:K ©
D. Summary

Coarse-graining methods are used to derive the DMFA, and DC#hich map the lattice
onto a self-consistently embedded cluster problem. The DMFis a local approximation,
while the DCA incorporates systematic non-local correcties. Irreducible quantities from

the cluster are used to calculate reducible lattice quanigs.
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1. QUANTUM MONTE CARLO ALGORITHMS FOR THE QUANTUM CLUS-
TER PROBLEM

A. Introduction

The Hirsch-Fye and Continuous time Quantum Monte Carlo (QMQ algorithms are pow-
erful and adaptable methods which may be used to study moded$ impurity clusters em-
bedded in a host. As such, they are ideal cluster solvers fdret embedded impurity problem
at the heart of the Dynamical Mean Field and Dynamical Cluste Approximations.

We will sketch the Hirsch-Fye QMC in Sec. IlIB and the weak caquling continuous
time QMC algorithm in Sec. IlIC. Since both methods can be caidered as expansions
about the free electron limit, Wick's theorem applies to bdt, so similar methods for making
and conditioning measurements described in Sec. 111D can lsed for both HFQMC and
CTQMC.

B. Hirsch-Fye QMC

To derive the Hirsch-Fye algorithm, we start with the Hubbad Hamiltonian (1)
H = Ho+ Hy; (33)
whereHg is the noninteracting part of the Hamiltonian

Ho = tx_(q-ka +G G )+t 4§ (nj- + Njy)

hik i ]
(34)
and H; describes the local interaction on a cluste€ (or impurity).
X 1 1
Hi=U (n Z)(Nig 3): (35)
i2C 2 2

The summation in Eq.34 is taken over the entire lattice wheses in Eq.35 it is taken only over
the cluster C sites (see Fig.ll1 B). Our derivation of the equations follas the one presented
by Hirsch and Fye for the impurity problem423, but we extend the derivation to treat the

embedded cluster in the DMFA and DCA®.

By dividing the imaginary time (the inverse of the temperatue) = £ into L slices,

= L , (36)
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Effective Medium

FIG. 15: Hamiltonian breakup for the
Hirsch-Fye derivation. Hg describes both

the host and non-interacting degrees of free-

dom of the cluster (impurity), while H; de-

scribes the interactions on the cluster.

the partition function can be written as
2
Z=Tr(e ")=Tr e " (37)
From the Suzuki-Trotter formula
e MeFro( %) (38)

one derives " |
Z=Tre ") Tr e HoZe Hig Ho2 . (39)

1=1
which has leading errors proportional to 2 (since the Suzuki-Trotter formula was applied
L times andL 1= ). Then due to the periodic property of the trace, it is easy tsee

that this is the same as the Trotter decomposition
H ¥ H H
Z=Tr(e ") Tr e °e Loy (40)

with leading errors still proportional to 2.
We introduce the identity operator in the occupation numberbasis
X - - -
| =  jmihmj 41
m

between exponents of operators at adjacent imaginary timéices. The partition function

becomes

P . . . . . )
Z= gm oom mije Poe Himg jihmg jje Moe Hijmg i

hmije Hoe  Hijmygi 42)
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FIG. 16: The Hirsch-Hubbard-Stratonovich transformation Eq. 43 maps an interacting systems of
electrons onto a system of non-interacting electrons inteacting with a time and space dependent

Ising-like elds which coupling to the z-component of the ekctron spin.

With the identity due to Hirsch?*

X

e u (ni"ni# %(ni"’rni#)) — @S i(ni* nix) : (43)

si= 1

NI =

with
cosh = e Y72 (44)

It is possible to introduce an auxiliary binary ( 1) eld (called Hirsch-Hubbard-Stratonovich
eld, or HHS eld) at every cluster site and at every time poirt. Thereby, the interacting
problem described by Eq. 42 is replaced by a summation ovel gbssible auxiliary eld
con gurations of noninteracting terms. Eq. 43 can be provetly applying both the left and
right hand sides on the four possible vectors (empty site, erelectron up, one electron down
and double occupied site) which span the local Hilbert space

For each HHS eld con guration fsg, we have a noninteracting problem composed of
electrons scattering o a space and time dependent Isingé eld (c.f. Fig. 16). Therefore,
by de ning

0
I 0 0 - e Keg't®
e K/l I 0 - 0
O (s)= 0 e K’ | 0 o ; (45)

e Kt '® I
with

X
Ho=  dKjg (46)
Ll
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and 8
| 2 S j i i2C
Vi(s)y = _ ; (47)
=0 i 62C
wheres; represents the value of HHS eld at site and time |, it is possible to write Eq. 42
as

Z = Trigg[detO-(s) det Ox(s)] (48)

. Note that every matrix element shown in Eq. 45 is in fact &Nl N sub-block, N being
the dimension of theK matrix de ned in Eq. 46. ThusOisa (N L) (N L) matrix.

The matrix O is the inverse of the one-particle Green's function

G (s)= 0 (9): (49)
By de ning
Tijio= 1 10 i (50)
and
8
| 2 S il L0 i i2C
V (S)” jlo= S ) . (51)
- 162 Qrj 62C
Eqgs. 45 and 49 can be written as
Gl=1 Te Ke&': (52)

In Eg. 52 and in the following equations we omit writing the eglicit HHS dependence for
simplicity reasons. By multiplying Eq. 52 at right with e ¥ (which is diagonal) the following
equation is obtained

GleV=eV Te X: (53)

Eg. 53 is used to establish a relation between the Green's fitions G° and G which corre-

spond to two di erent eld con gurations fsg and respectivelyf s4
GV GleV=eY eV: (54)

Using
Al B'=Cc() A=B BCA (55)
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FIG. 17: The original Hirsch-Fye algorithm involved local ips of the HHS elds.

the following equation is obtained
G0=¢e"G +e'G (eV e V)G (56)
. After some easy manipulations, Eq. 56 can be written as
G°=G +(G 1) e""V 1)G°: (57)
Another useful equation is
GG'l=1 (G 1)V 1); (58)

obtained by multiplying Eq. 57 at right with G° 1. Eq. 58 will be used in the QMC process
for calculating the transition probability form one con guration to another and Eq. 57 for
updating to the new con guration when the transition is accpted.

The QMC algorithm implies generating di erent eld con gur ations with a probability

proportional to their weight, given by (see Eq. 48)
W (s) = det G. '(s)det G, *(s): (59)

In the QMC process, the HHS eld con guration is updated by poposing local (in both

the cluster site and time index) ips of the HHS eld (Fig. 17). We consider such two
con gurations (s and s9) that di er only by a ip at point m, wherem denotes both a cluster
site and atime (i.,e.m il;i 2 C). The ratio between the weights of these con gurations is

_ W(sH _ detG. }(s)detG, (s9)
~ W(s) detG.}s)detG,(s)

(60)

The ratio R determines the acceptance probability of the new con gurain, according to
either the Metropolis?® or the heat bath rule. If the proposed con guration was accepd, the

new Green's function should be updated accordingly to Eq. 57his implies the following
ng = Gpn +(Gpm  pm)(e (h sm) 1)Gpn (61)
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G = Gun +(Gmm  L)(e ©0 = 1)GY, (62)
Gmn

o _ .
Gmn = 1 (Gmm 1)(e (s% sm) 1) ! (63)
which results in
G J(e Cn =) 1)
0 — + ( pm Ll :

Gpn Gpn 1 (Gmm 1)(e (SIQn Sm) 1) Gmn . (64)

Y Y
- \\/,Vv((ss?: detG® Y(shdetG ()= [1 (G mm 1)(e ©n ™) 1) (65)

Eq. 65 results directly from Eq. 58. Note that only the Greers function de ned between

Effective Medium

FIG. 18: Whereas the HF Hamiltonian has

degrees of freedom on the cluster and in the

e ective medium, the algorithm may be re-

stricted to interacting (cluster) sites only.

clusters sites is required for the QMC procedure (Fig 18). This also enough for measuring
the cluster observables and for determining the irreducilquantities as self-energy, , and
two-particle vertices, 's.
In order to initialize the QMC process, rst the HHS elds areset to zero andG is set

to G. Here, G is the noninteracting Green's function (i.e., the one obtaied whenU = 0)
if we mean to simulate a nite size cluster, or it is the clusteexcluded Green's function (i.e.
the one obtained when we subtract the self energy from the cher) if we mean to simulate
an embedded cluster. Afterwards, by turn, the value of the HE elds are changed to 1 or

1 at all space-time points and the Green's function is updatdkin accordance to Eq. 64.
The obtained Green's function is used to initialize the QMC mcedure. A \sweep" of the
QMC procedure consists of proposing a ip of the HHS eld foreery time slice, calculating
(Eq. 65) the ratio R between the weights of the proposed and the present con gui@n and
accepting the ip according to the Metropolis or the heat-b#éh algorithm. After a certain
number of warm-up sweeps through the space-time points (uly between twenty and one

hundred), the system reaches equilibrium and the measurente can start. It is a good
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idea to consider a few update sweeps between the measurememt order to eliminate the
correlation between them.

Numerical round-o errors accumulate in the Green's functin during the updating pro-
cess, due to the repeated use of Eq. 64. In order to eliminateetm, after a certain number
of iterations the Green's function should be refreshed. This done rst by settingG to G
and afterwards updating it using Eq. 64 repeatedly until it orresponds to the present HHS

eld con guration.

1. Combining HFQMC with Quantum Cluster Methods

The Hirsch-Fye algorithm naturally produces Green's fun@ns in Matsubara (imaginary)
time. However, the self-consistency cycle of quantum clestmethods like the DMFA and
DCA require imaginary frequency Green's functions. Thus # algorithm requires Fourier
transforms from both the imaginary frequency to the imaging time and from the imaginary

time to the imaginary frequency. The transform from frequeey to time is given by

1 X . .
G()= - Gl ,)e"r (66)

n=1

and the inverse one, from time to frequency, by

Z
G(itn)= dG()e" (67)

The Matsubara frequencies for the fermionic Green's funcin are de ned as

PG (68)
Due to the nite , the numerical implementation of these transformations iires special
care. We will discuss both cases next.

a. Transform from frequency to time In Eq. 66 the frequency summation is taken from
minus to plus in nity. The contribution at large (both posit ive and negative) frequency is
important, thus a truncation of the sum is not possible. The ttick is to subtract and add
back a function which has at large frequency the same asymfpitobehavior as the Green's

function. For example, iff (i! ) ful lls this condition, Eq. 66 can be approximated by
1 Xe : : ; 1 % : i
G() - (G(i' n) f(itn))e"" + = f@la)e"" ; (69)

n= nc n=1
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wheren, is a cuto number chosen large enough to have negligible nun@al errors.
In order to determine the Green's function behavior at largéequency we integrate Eq. 67

by parts as suggested 4

Gitn) = EG()e " o OV ) d = (70)
= &G jo Gl e jo +O((i 1) ¥

= n

We nd that, for cuto values of about 500, it is necessary to consider the asymptotic
behavior of G up to second order in . . If only the rst order termin ! 1 is considered, in
order to get negligible numerical errors the cuto numbem. should be of order 18 Thus,
the second order term in Eq. 70 has a major practical import@e and thereforef (i! )
should be taken as

. a1 a
| =
f (il 1) T + TINE (71)
with
ai= G( ) G(0)=G0O) G(0) (72)
and
a=GY{ )+ GY0")= G%0 )+ GY0%): (73)
The last sum in Eq. 69 can be easily calculated by using the l@Ving relations
8
e it 2 1 <
1 e.l =, 2 (74)
n=1 I n % >0
and 8
R a1 42 <0
1x el " ate2) (75)
=1 ()2 2 10 2y >0

The rst of these relations (Eqg. 74) is the well known Fourietransform of a noninteracting
Green's functiorf?

1R el % gef <0, (76)
=1 Pn B2 2)e® >0

with the energy poleE = 0. Eq. 75 results from di erentiating Eq. 76 with respect toE
and setting E = 0 afterwards.
The coe cients a; and a, in Eg. 71 can also be easily determined. Starting with the

Green's function de nition
Gj()= Thg()di; (77)

28



wherei andj are space or momentum indices and using Eq. 72, becomes

a = helgi + hgcli = (78)
Considering
d .
T =lHic] (79)
the coe cient a, is
a,= hd[H;qli h [H;gldi; (80)
and can be evaluated to
a, = Ky + Ki'F (81)

Kj was de ned in Eq. 46 and represent the bilinear (noninterastg) part of the Hamiltonian.
KinF results from the interacting part of the Hamiltonian when tke corresponding Hartree-
Fock factorization is done.

b. Transform from time to frequency The di culties associated with this transform
are related with the fact that in the QMC process the Green'suinction is calculated and
stored only in a discrete set of points; evenly spaced by . This implies a periodic Fourier

transform with the period equal to the Nyquist critical frequency
ez —; (82)

which is evidently unphysical, since the Green's functionogs ad , ! at large frequency (see
Eq. 70). Besides that, due to the fact that part of the spectriadensity at high frequency
(! j>!" ) is translated into the low frequency domain (! j<! (), a phenomenon called
aliasing?’, the Fourier transform is inaccurate even at frequencies sitter than the Nyquist

frequency.

In order to cure?® the pathology discussed above we again take advantage of émowl-
edge of the Green's function behavior at high frequency. A fiation which has the right
large frequency asymptotic behavior is the Green's functioG, obtained from second order
perturbation theory (or any other method which becomes exaat high frequency). The

Fourier transform can be written as
Z
G(i! n) = Gp(i! n) + . d (G() Gy )e'" : (83)

It is important that the last term in Eg. 83 does not produce sprious high frequency

contributions. Therefore before integration the Akima sphe?® is used to interpolateG( )
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Gp( ). The Akima spline produces smooth curves and therefore acas a low-pass Iter and

eliminates the high frequency noise.

C. Continuous Time Quantum Monte Carlo

FIG. 19: In contrast to
O HFQMC which employs

a path-integral formalism,

1 /é\\ CTOMC wuses QMC to
t 5 25 t51 25 te- stochastically sample the
graphs in the partition

function.

In this subsection, we will derive a Continuous time QMC (CT®IC) algorithm for the
Hubbard model, Eqg. 1 following closely the derivation by Ruisov*°. In contrast to the path
integral formalism of HFQMC, CTQMC employs the same tricks sed to derive Feynman-
Dyson perturbation theory (the interaction representatio, the time-ordered S-matrix ex-
pansion, Wick's theorem, etc.) to stochastically generatiagrams for the partition function
(Fig. 19).

Starting with

exp( (Ho+ Hiy)=exp( Ho)S(); (84)

where
z !

S()=Texp  Hi()d (85)

whereT is the time-ordering operator, and
Hy( )= efoH.e Ho (86)

is the quartic part of H in the interaction picture.

Specializing now on the Hubbard model, Eg. 1, the partitionunction becomes

X (ks e

Z:ZO Kl

k

dl  dk HT ne(1) ne(K)i,

T na(1)  ne(K)i, (87)
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FIG. 20: An example of a third-order (k = 3) CTQMC graph. Many graphs may be drawn to

third order in U, one example is shown.

where 1! (Xp; 1), etc. and hig indicates a thermodynamic average with respect to
exp( H o). SinceHy is noninteracting, we can apply the Wick's theorem to evalua the
expectation values in Eq. 87 (see, for instan@é), by evaluating and summing over all closed
Feynman graphs, see for example Fig. 20. For each orderkinthere arek! graphs that can
be drawn for each of the up and down electrons. Note that the gphs can include both
connected and disconnected parts, as shown in the gure. Awding to Wick's theorem,
each graph corresponds to a product of non-interacting Gnes functions G° (i.e. Green's
functions from the solution ofHg only) with arguments determined by the vertex labels,

etc., and sign determined by the number of line crossings. iFexample, the graph shown is
G(2;3)G(3;2)G°(1; 1)G°(3; 2)G°(2; 1)G°(1; 3) (88)

where G° with the same argument are to be interpreted as having the rig time argument
slightly greater. l.e., G°(1;1) = G°(x; 1;X1 1+). There will be 36 such graphs for each
k = 3 vertex con guration, and the number of graphs will increae with order likek!?. For-

tunately, we may conveniently represent them as the produaf up and down determinants
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detD- (k) det D4(k), where

0 1
G°(1;1) G°(1;2) G°(1;k)

G°(2;1) G°(2;2) G°(2;k)
G°(3;1) G°(3;2)  G°(3:K)
D (k)= : : ; (89)

GO(k; 1) GO(k;2) GO(k; k)
where, in lieu of an external eld the bare Green's function des not need a spin label,
GO(k;2) = G°k;2). Note that D (k) isak k matrix.

In CTQMC, the sum of integrals in the Eq. 87 is evaluated usingn importance sampling
Monte Carlo algorithm. Suppose the cluster hadl sites andL = = time locations (in
the end we may let ! 0). We will consider Monte Carlo moves of adding vertices at a
random location in space-time or subtracting existing veites. By combining such moves,
we can clearly access all possible vertex con gurations. &dder two con gurations, one
with k and the other with k + 1 vertices, then the weightsW of these two con gurations

are given by the integrand of Eq. 87, or, in terms of th® (k),

W = ( U)*detD-(k)det D4(k) (90)
Wir = ( U)*' detD-(k +1)det Dy(k + 1) :

If we let the probability to add and remove a vertex beP, and P, respectively, where

P, + P, =1, then the detailed balance condition requires that

11 1
—WiPui k+1 = Pr—— W1 Pisrr kc: (91)

P""EN K+1

Here %Ni is the probability to choose a position in time and space fohe vertex you intend
to add while ﬁ is the probability to choose one vertex you intend to removefdrom the
existing k + 1 ones. If we accept or reject this change using a Metropoligorithm?®, then
we need the Metropolis ratioR.

Suppose we propose to add vertex, then
UN Y
k+1

Y
R = Py k+1=Pas11 « = detD (k+1)= detD (k): (92)
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We need an e cient way to calculate the ratio of determinants

detD (k +1)=detD (k)

det D (k+1)M (k) (93)

det(l +(D (k+1) D (K)M (k)

whereM (k) = D (k) 1, and we must pad the matricesvl (k) and D (k) with an extra row

and column in thek + 1 location with all zeroes, except for a 1 in th&k + 1, k + 1 location.

det(l +(D (k+1) D ()M (k)= det . (94)
1 0 GO(L:k +1)
1 G2k +1)
0 GO(3:k +1)

GOk +1:)M(K)iy GO(K+1;i)M(K)i»  GO(k+1;k+1)

A cofactor expansion ( rst on the last column and then on thedst row) yields
detD (k+1)=detD (k)= G°(k+1;k+1) G°k+1;i)M(Kk);G°(j;k +1) (95)

with an implied sum over repeated indices. Clearly, the mattesM are important for the
update, and they, notD are stored. The change is accepted R is greater than a random
number between zero and one. Then, we need an equation usedipolate M which may be

derived using the Inversion by Partitioning described in Nmerical Recipe$'.

0 1
: : o P
1|—2k+l
: M © : 1
M (k+1)= St (96)
1Rk+1;1 le+1;2 1

where the rst k by k section is lled by the matrix
M i? = M(K)j + Liks1  'Rierj (97)
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and
Rj = G(i;n)M (K)j Lij = M (K)inG°(n;)) (98)

and is given by Eq. 95.
If we propose to remove vertex at locatiom, then to determine whether to accept the

move, we need
detD (k 1)=detD (k)=det(M (k) M (k 1))D (k 1)+1): (99)
Again, using a cofactor expansion, it is easy to show that thiis justM ,,,. Then if

Y Y
R detD (k 1)= detD (k) (100)

T UN
is greater than a random number between zero and one, we adcte change and must

update M using
Mk 1)=M (k) MM 5 (k)=M n(k): (101)

One natural question is to ask whether this QMC is convergemvhich would require that

the average value ok be nite.

% k Z
ki = é ( 1) k d 1 d khT Hl( 1) Hl( k)io (102)
zZ , k! 0

- X O (kl) kK di ded ATHI(D)  Hi(OH:()ig
Z

= d Hq( )i
0

= H"ll

where the bracketshi denote the average with respect to full interacting Hamiltnian
(Eg. 33), which is also the average value of Monte Carlo measments. The last line
in Eg. 103 follows ifH; is independent of . Since hH;i is extensive, this means that
hki = N hh;i whereh; is the average potential energy per site.

As will be described below in Sec. 1IID 1, the minus sign prodin emerges when the
Metropolis ratio R is not positive de nite. It is easy to see from Eqgs. 92 and 10Gat when
U < 0 there is no minus sign problem since the up and down deterraints the same and real,
so their product is positive. However, the minus sign prolhe can be severe whet > 0

since the sign of the sampling weight will uctuate ask changes by 1. Some tricks can
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be used to control the sign problem. For example, at half lhg where there is particle-hole

symmetry, we rewrite the interaction as

1 1

H, = — : — 1

1 U n > Ny > ( 03)
then the particle-hole transformationgc; 4 ! cjy# changes the sign ol eliminating the sign

problem. Away from half lling, this trick is useless. Howeer, here we introduce an addi-

tional Ising-like auxiliary eld s; = 1 on each site and rewrite the interaction &3
U X 1 1
H,= 2 n-, > Si Ny > + s : (104)

At least in 0 or 1 dimension, the choice > 1=2 eliminates the sign problem. The cost is
that the Ising eld is now associated with each point in spacéme and must be sampled
using the QMC algorithm (Fig. 21).

x A

7

f A

FIG. 21: An example of a third-order (k = 3) CTQMC graph with the Rubtsov auxiliary eld
used to suppress the minus sign con guration. Now each vertealso carries a elds; = 1 which

must be updated along with the vertex locations in the QMC.

Since Wick's theorem applies to the con gurations of CTQMCmost measurements are

simply accomplished by forming the appropriate Wicks conéictions of the Green's function
G(;j)=To()d() : (105)

corresponding to a con guration of vertices (and auxiliaryelds when appropriate).

X Kk Z Z D E
G(i:j) = % (kL!J) i dk To@d{n@D nk)

k
T ng(1)  nu(K)i, : (106)
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However, this formula is very similar to the one we encounted when we added a vertex.
In fact,
G-(i;j ) =det D-(k + 1)=detD- (k) ; (107)

where thek k matrix D- (k) is given by Eq. 89 and

0
G-°(1;1) G°(L2)  G%Lk) GO(L;))

G°21) %22 G2k G%2j)
G-°(3;1) G°32)  GB3k) G3i))

1202000922 222222222220¢ 0

D-(k+1)= (108)
G-°(k; 1) G-°k;2) G-°(k;k) G-°(k;j)
G-°%i; 1) G-°(i; 2) G-°(%i;k) G-°(i;j)
We obtain the familiar form for
G (i;j)= G°G;j) G °%i; p)M- qu"O(q;j): (109)

Of course, a similar equation holds foG..
All other measurements are then formed from Wick's contragins of these Green's func-
tions, as described in standard many-body text$. This is worth illustrating for one example,

such as the transverse component of the spin susceptibility
- . D - . - . E
i)= Tc)ei)el) : (110)

The form for this is strikingly similar to what we did above fo G- (i;] ), the main di erence
being that we now have both spin components

D E
d dk  T@Mol)n@) nk)

D E
T c(i)ea(ins(1)  nu(k) - (111)

( U)k?
k!

o ZoX
(I’J)_ ? )

So the estimator is
. . D 0 . . O . O .
Gi) = G°Gi) G (p)M- G (a;i)

E
GO(i])  GuO(ii P)MayeGe(ai]) (112)

omc
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Similar estimators may be formed fromG-(i;j ) and Gg(i;j ) for the longitudinal spin and
pair susceptibilities. These will be discussed below.

In order to initialize the QMC process, the number of vertice can be simply set to zero.
Subsequent Monte Carlo steps will tend to add vertices untihe con guration is thermalized.
Alternatively, one can take any otherk vertex con guration and useG to construct the D
matrices (which are then inverted to obtainM matrices). Here,G is the noninteracting
Green's function (the one obtained whetJ = 0) if we mean to simulate a nite size cluster,
or its the cluster excluded Green's function (the one obtaed when we subtract the self
energy from the cluster) if we mean to simulate an embeddeduster.

Numerical round-o errors accumulate in theM matrices during the updating process,
Egs. 97 and 101. In order to eliminate them, after a certain maber of iterations they should

be refreshed. This may be done by recalculating tH2 matrices and inverting for theM .

1. Combining CTQMC with Quantum Cluster Methods

Quantum cluster methods generally require the Green's futign in terms of Matsubara
frequency and wavevectorG(k;i!' ,). However, unlike HFQMC, there is no diculty in
performing the Fourier transform in CTQMC. In fact, this measurement may be made
e ciently directly in terms of Matsubara frequency and wavevector, simply by performing

a double Fourier transform of the Green's function estimatoin Eq. 109
G (Ki)= GKi) GUK)M:(K)G-°(Ki); (113)
whereK = (K;i! ) is now a frequency-wavevector label, anill- is
M- (Kj) = M-(K;i! ) = X exp (K (Xi Xj) ita(i )My (114)
I

wherei andj label the space-time locations of the vertices.

D. Making and Conditioning Measurements

The natural byproduct of the QMC algorithm are the Green's fuctions. These may
be used to make measurements of most one and two-particle pesties using standard

diagrammatic techniques. In doing so, several points muselremembered:
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In the HF QMC algorithm, the Hubbard-Stratonovich transformation reduces the
problem to one of free electrons moving in a time-dependentubbard-Stratonovich
eld. In the CTQMC, an interaction representation together with an S-matrix ex-
pansion is used. Thus, for each eld con guration in the HFQNC or any vertex
con guration in the CTQMC, measurements may be formed by suming all allowed
Wick's contractions. The full interacting quantity is recovered by QMC averaging this

over all con gurations.

It is important to use all allowed Wick's contractions, both connected and discon-

nected, in this series.

If your Hamiltonian is invariant under translations in spa@ and time, and you are
performing a simulation in an unbroken symmetry phase, it igmportant to average
your measurement over all time and space di erences in ordéy achieve the lowest

variance estimator.

It is also important to average over other symmetries of the &miltonian, which may

not be preserved by the CTQMC or HFQMC algorithms (e.g., spisymmetry).
For example, consider the local impurity magnetic correlan function
D E
i( ) S"()S (0) (115)

D E
C.( )Cis( )C(0)Ci-(0)
T X ?
2N . o

d °nG (Xi; + %X O)G (Xi Ox; + O)iQMc

where the QMC subscript means that the Monte Carlo average over the Hubbdr
Stratonovich elds or vertex con gurations is still to be paformed. Note that in the last
step in Eq. 116 we form all allowed Wick's contractions and avage over all equivalent time
di erences, spins, and sites to reduce the variance of thistemator.

At this point the measurements for CTQMC and HFQMC di er. For CTQMC we essen-
tially have a continuum of Matsubara time, so the time integal in Eq. 116 may be completed
very accurately. However, in HFQMC care must be used to rededhe time-step error. Due
to time translational invariance, the integral over °is not terribly sensitive to error, so

we approximate as a sum using a rectangular approximation.oF > 0
1 X

(1) oL hG (i;ind (I + IO); i;IO)G (i;IQ,i;ind (I+ IO))iQ,\,IC ; (116)
10
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whereind(l) is the smaller nonnegative value of eitheror| L. For =0 the fact that in
HFQMC we always storeG (1%19= G ( 0+0*; |0) requires us to modify the measurement

( =0) %X G (1519(G (1519 Digyc : (117)
S

Finally the susceptibility may be calculated by
z

X
(M= _d 0) st() (1) (118)

|
where the Simpson factosf (1) =2 =3 (4 =3) for odd (even)l is used to reduce the
systematic error of the integral.
As a nal example, consider the cluster particle-particle @en's function matrix

(0 K; K9 (K = (K;i! ) which in the cluster space-time takes the form
D E
(X1 X2: X3, Xa) = T 0(X1)ea(X2) (X 3)e! (Xa) (119)

Here X; is in the space-(imaginary)time notationX; = ( Xj; i), where the pointsX; are on
the corresponding reciprocal cluster o in real space.

Since the storage associated with this quantity is quite lge, it cannot be measured for
many times. Thus the measurement in CTQMC and HFQMC are quitsimilar. First, using
Wick's theorem, its value is tabulated for each eld con guation and then transformed
into the cluster Fourier space. Second, we Monte Carlo avg over these con gurations.
After the rst step, the expression for the above two-partite Green's function in the cluster

momentum-frequency space becomes

X . .
o(Qii Kl K&l o) = & X1Ge (X1 X g)e X 4
X1;X4
X

+

e(Q KIX2Gyy(X o5 Xg)e 1@ KX : (120)
X2;X3 QMC

whereK is the momentum-frequency pointK = (K;i! ).

The sums (integrals) over in Eqg. 120 require special consideration. Since the Green's
functions change discontinuously when the two time argumenintersect, the best applicable
integral approximation is the trapezoidal approximation.Using this, we will run into Green's
functions G¢(X; ;X; ) with both time and space arguments the same. In the HFQMC
algorithm, this is stored asG.(X; *;X; ) (i.e. it is assumed that the rst time argument

is slightly greater than the second) and in CTQMC, the other ime ordering is assumed,
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however, if we replaced the equal time Green's function to lilee averagef G¢(X; *;X; )+

G(X; ;X5 M)g=2 = G(X; *;X; ) 1=2 = G¢(X; X; +)+1=2then a trapezoidal
approximation of the integrals results. If we call the matxx G, with 1=2 subtracted (added)
from its diagonal elements as appropriate for HFQMC (CTQMGC)as G (note that we can
treat one of the three independent momenta involved in. as a variableQ outside the matrix

structure), then we can write the two-particle Green's funtton in a matrix form

o (Q) = (121)
FY=0GeFo=o . FLGesFq 5 ome
where Fq); = e 'Ki @i ¥ii where we have chosef and j to index the cluster

momentum-frequency space.

This measurement may be performed e ciently if the product 6 three matrices in each
set of parenthesis is tabulated as two sequential matrix-nvé products and stored before
the direct product between the terms in parenthesis is caltated. When done this way,
the calculation time required for this process scales liké( )3 rather than (NL)* as would
result from a straight-forward evaluation of the sums imptit in Eq. 121. Greater e ciency
can be obtained if we perform the Fourier transforms as a twatep process; i.e., rst doing
the transform in time and then in space. Then the measuremestales like N + L)(NL)?,
of course, these reductions in FLOPs require an increase iremory needed to store the
intermediate results.

CTQMC presents the possibility of measuring these two-parle susceptibilities directly
in the cluster momentum-frequency space without the need feerform the discrete Fourier
transform in Matsubara time presented in Eq. 120. Again, tls measurement may be made
e ciently again performing a double Fourier transform of the Green's function estimator
Eq. 109

G (Ki;Kj) = G%K)) j  GUK)M-(Ki;K})G-O(K;); (122)

and M. is

M- (Kn;Km)

M"(Kn;i!n;Km;i! m;) (123)

i
wherei andj label the space-time locations of the vertices. The last §tds the numer-

ical bottleneck. However,using the methods described al®wf performing the Fourier
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transforming steps and storing the intermediate result, tis step may be performed in

O2(L + N)k?) FLOPs. The estimator of the cluster particle-particle th& becomes

C(Q;K;K (b = I‘G--(K0+ Q;K + Q)G#( KO; K)iQMC : (124)

1. The minus sign problem

Except in a few and fortunate situations, the calculation ophysical quantities with QMC
reduces to the calculation of integrals/sums with an integmd which can take both positive
and negative values. This is the origin of theign problemin the Monte Carlo simulations.

For example, the average of the observablke is formally given by

W (x)A(X)dx

hAi = —R
' W (x)dx

(125)

R, . . . : .
where dx is a integral over all the possible con gurationsc of the system of weightw (x).
For a classical systenW (x) is positive de nite and a Monte Carlo process consists of@thas-

tically generating con gurations x; according to their weight W (x;) and taking

.1 R
hPAi = —  A(X) : (126)
Nd i=1

Where N4 is the number of measurements. For quantum systenW (x) is not necessarily
positive de nite and therefore cannot be considered a probdity distribution. The solution

is to rewrite Eq. 125 as

W) AKSX)dx " W(x) j dx

TR W Tac T TW00  s0odx 420
where s(x) is the sign of W(x), i.e.
W (x) =] W(x) J s(x) : (128)
Thus, we can sample the con gurations space with the probdhy j W(x) j and
. P .'\lri A(X;)s(xi) _ PASI jwj : (129)

T4 s(x) P jw;
Thus, we may use the absolute value g¥V| as the sampling weight as long as we measure

the product of the sign and measurement and divide by the avage sign. If the average

signhsijw; is nite and not very small, then this approach is successfulHowever, a problem
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FIG. 22: Comparison of the average sign from a CTQMC and HFQMCDCA simulation of the two-
dimensional Hubbard model. (Left) Average sign versus invese temperature for 4-site cluster with
U = W =8t and di erent llings. (Right) the average sign for 16-site c luster with U = W = 8t

versus from Eq. 104 at xed lling and temperature.

occurs whentsijy; is extremely small, because a small sign strongly ampli esié error bar
associated withhAijw; (/ s=hsi?). In fact, for many quantum systemstsi is found to fall
exponentially to zero with decreasing temperature or incasing cluster siz&®. This makes
Monte Carlo calculations impractical at low temperatures.

The average sign obtained from a simulation of the 2D Hubbanmodel is shown in Fig. 22.
The average sign from HFQMC and CTQMC are similar but the CTQNC result is slightly
worse. The gure on the right shows that increasing the valuef from Eq. 104 does not
help to increase the average sign signi cantly and it also aneases the error bar on the sign
measurement due to an increase in the average ord®&r. The error bar increases, since the
average ordertki increases like 2 for large as may be seen from Eq. 103, or here (for

some sitei).

1
= N . n., > Si Ny, §+ Si (130)

On the other hand, the average sign obtained from a simulaticof the 1D Hubbard model
is shown in Fig. 23. Whereas the average sign from HFQMC depksnweakly with cluster
size, that from CTQMC actually increasesstrongly with increasing cluster size. Also studied
is an additional coupling between chainsyep,=t which is a hopping between equivalent sites

on adjacent chains. A nite tpep=t causes the average sign to increase strongly.
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We nd that the average sign depends on many things: llingsdimensionality model

parameters, etc. Itis di cultto predict a priori whether the average sign will be problematic.

2. CTQMC and real time measurements

In this section, we brie y discuss a possibility to extend CQMC to measure real time
Green's functions or even treat the systems out of thermal atjbrium. We start with the
same Hubbard model Hamiltonian [1], which has no time depeedk terms, and proceed to
derive expressions for partition function and real time Grmn's functions. In this formalism,

the partition function can be expressed as an expansion ofntour ordered exponent:

)

Z =17 K dty::: dtg hTcH(ty) 1o Ha(t)iy (131)
. C C

k=0
where

H(t) = etotHe Mot (132)

is the interaction (quartic) part of Hamiltonian in the interaction representation andT, is
the contour-ordering operato??. The integrals are performed along the contoue, shown
in Fig. 24. By writing out the contributions to the partition function coming from lowest
orders in expansion (Eg. 131), one can see that all the termgntaining H(t) on real parts
of contour cancel out exactly and thus the partition functim in this case is the same as
in Matsubara formalism. We now consider the expansion for ¢hcontour ordered Green's

function:

D E
Teo(t)'(t9 (133)

% ik Z Z D E
= 2 CDT7 G Gy T OH () 12 Ha(ty) -
Z .y K c 0

Ge(t; 19

1D Hubbard model, filling = 0.5, U=W,a=0.51

=== FIG. 23: Comparison of the average sign
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FIG. 24: The contour for measuring the real time Green's funtion.

In this case, however, the contributions containingd;(t) on real parts of contour do not
cancel out (as one can easily check by writing ok = 1 term in the expansion). The
application of Wick's theorem yields CTQMC diagrams that catain vertices on both imag-
inary as well as real parts of contour (See Fig. 25). Thus, theartition function and the
Green's function have dominant contributions coming fromrirely di erent regions in the
k-dimensional space spanned by time coordinates along thentur. As a consequence,
it appears impossible to use the partition function as a sanlipg weight in Monte Carlo

algorithm to measure the Green's function. It is still possie to use the Green's function

FIG. 25: A k = 4 diagram for the contour-ordered spin-up Green's functicn. The light continuous

and darker dotted lines represent the propagators for spin p and spin down electrons, respectively.

itself as a weight in the Monte Carlo importance sampling, ahthen measure it's value as
a distribution in the space of it's arguments {;t9. Since the Green's function in this case
would be a complex number, it's modulus would be taken for theampling weight instead.
The sign problem would now translate into the phase problenit the average value of the
phase of the Green's function gets too small. By looking at Eq34 we see that the phase
problem is likely to be very severe due to a factor of (i) attached to every vertex on the

real part of the contour (unless one nds again a way to introdce an auxiliary eld that
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remedies this problem). In any case, the oscillatory naturef real time Green's function
implies that the phase problem would most likely restrict masurements of Green's function

to small values of its real time arguments.

E. Summary

We describe two QMC algorithms for solving the embedded clas (impurity) problem
used in cluster mean- eld methods. In the HFQMC algorithm tle interaction term is re-
placed by a summation over a set of auxiliary elds, with ever eld con guration de ning
a noninteracting problem. In the CTQMC algorithm, an expan®n in the interaction term
in the partition function is employed. The problem is reduce to an in nite sum of integrals
with di erent multiplicity. Measurements, the sign problem and a possible extension of the

CTQMC technique to non-equilibrium processes is discussed

IV. ANALYTIC CONTINUATION OF QUANTUM MONTE CARLO DATA
A. Introduction

Most quantum Monte Carlo (QMC) simulations produce Green'sunctions G( ) of imag-
inary time = it. However, real-frequency results are crucial since mostpeximents probe
dynamical quantities, including transport, densities of tes, nuclear magnetic resonance,
inelastic scattering, etc. Thus, the inability to extract real-frequency or real-time results
from Matsubara (imaginary) time QMC simulations presents aigni cant limitation to the
usefulness of the method. The relation betwee@( ) and A(! ) = 1ImG(!) is linear and
surprisingly simple 5
G()= dK (;")A(): (134)
Nevertheless, inversion is complicated by the exponentiaature of the kernel. For example,
for a Fermionic single-particle Green's functiolG, K(;! )= e ' =(1+e ' )%, For nite
and large! the kernel is exponentially small, so thatG( ) is insensitive to the high frequency
features of A(! ). Equivalently, if we approximate both G and A by equal-length vectors
and K by a square matrix, then we nd that the determinant of K is exponentially small,

so that K 1!is ill-de ned. Apparently, there are an in nite number of A with very di erent
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characters (many of them not even causal) that yield the san@.

Previous attempts to address this problem include least-ggres ts, Pace approximants
and regularization. In the least squares method, Schattteand Scalaping® approximated
the spectrum with a set of box functions. The location and wght of these functions was
determined by minimizing the least-squares mist betweenhe spectrum and the QMC
data. However, as the number of box functions is increased better resolve features in
the spectrum, the t becomes unstable and noisy. In the Padmethod®, G (or rather
its Fourier transform) is t to a functional form, usually th e ratio of two polynomials,
which is then analytically continued formally by replacingi! , ! ! + i0". This technique
works when the dataG is very precise, as when analytic continuing Eliashberg egfions,
or when the tting function is known a priori. However, it is generally unreliable for the
continuation of less-precise QMC data to real frequenciesA more useful approach is to
introduce regularization to the kernel, so thatK ! exists. This method was developed
by G. Wahba®, and employed by White et al*® and Jarrell and Biham?®’. They used
similar methods to minimize G KA )? subject to constraint potentials which introduce
correlations between adjacent points i\ and impose positivity. However, these techniques
tend to produce spectraA with features which are overly smeared out by the regularizan.

With entropy-based methods of Bayesian data analysis, we ey a di erent philosophy.
Using Bayesian statistics, we de ne the posterior probaliiy of the spectra A given the data
G, i.e.,, P(AJG) I P(A)P(GjA) with the prior probability P(A) de ned so that A has
only those correlations that are required to reproduce theada G. To de ne the likelihood
function P (GjA), we take advantage of the statistical sampling nature of th QMC process.
The choiceP (A) is based on information theory concepts of entropy. The rak is either the
most probableP (AjG) or the average of this function over free parameters. Thettar has
proven to be the most e ective. Collectively, these methodare colloquially called Maximum
Entropy Methods (MEM).

In this section, we will present a short pedagogical develom@nt of the MEM to analyt-
ically continue QMC data. A more detailed review has been psented previously®, and
to the extent possible, we will follow the notation used ther. This section is organized as
follows: In Sec. IV B, we will present the MEM formalism inclding an e cient way to calcu-
late the spectra when the sign problem is present in the QMC kcallations. In Sec. IV C, the

Bryan MEM algorithm will be sketched, which has been optimigd for this type of problem.
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In Secs. IVD and IVE we will illustrate these techniques withthe spectra of the periodic
Anderson model and Hubbard model respectively. Finally ineg. IV F, we will conclude.
Throughout this section, we will illustrate the formalism and methods introduced with a
Dynamical Field Theory (DMFT) 191213 simulation of the periodic Anderson model (PAM)
(2) and a Dynamical Cluster Approximation (DCA)8%28 simulation of the two-dimensional
Hubbard model (1). As described in the Sec. IlIB, the core ofdh DMFT and DCA
algorithms is the Hirsch-Fye impurity algorithm?®. Here the problem is cast into a discrete
path formalism in imaginary time, |, where | = | = =L, =1=kgT, and L is
the number of times slices. Matsubara-time Green's functs are measured on this discrete

time domain.

B. Formalism
1. Green's Functions

If this system is perturbed by an external eld which coupleso an operatorB, then the

linear response to this eld is described by the retarded Gea's function
h [
G(t)= i(t) B(t);BY0) (135)

where the negative (positive) sign is used for Boson (Fernmpoperators B and BY, and
makes reference to the Dirac (anti)commutator. The Fourietransform of G(t), G(z) is

analytic in the upper half plane, and its real and imaginary arts are related by

z ,mG(!) |

Gx)= dl —— (136)

The Matsubara-frequency Green's functio(i! ) is obtained by lettingz! i! , in Eq. 136.
This may be Fourier transformed to yield a relation betweenhe Matsubara-time Green's
function produced by the QMC procedure, and-ImG(! )

z  timG(t)e !

G()= d—— (137)

2. Bayesian Statistics

We use our QMC algorithm to generate a seB| of i = 1;::; Ny estimates for the Green's

function at each time slice , = (1 1) ,1=1;L. Since manyA correspond to the same
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data G, we must employ a formalism to determine whictA(! ) is the most probable, given
the statistics of the data and anya priori information that we have aboutA. To quantify
the conditional probability of A given the data, and our prior knowledge, we use Bayesian
statistics.
If we have two eventsa and b, then according to Bayes theorem, the joint probability of
these two events is
P(a;0 = P(ajhpP (b = P(ba)P(a); (138)

whereP (ajb) is the conditional probability of a givenb. The probabilities are normalized so
that . .
P(@= dbP(a;bp and1= daP(a): (139)
In our problem, we search for the spectrum which maximizes the conditional probability
of A given the dataG,

P(AjG) = P(GJA)P(A)=P(G): (140)

Typically, we call P(GjA) the likelihood function, and P (A) the prior probability of A (or
the prior). Since we work with one set of QMC data at a timeP (G) is a constant during this
procedure, and may be ignored. The prior and the likelihoodifction require signi cantly

more thought, and will be the subject of the next two subsedains.

3. Prior Probability

We can de ne a prior probability for positive-de nite normalizable spectra. For Bosonic

Green's functions, we may de ne positive de nite spectra ifve rede ne the kernel

e ' +eC )] . 1
K(;!)= 1 o with A(!) = I—ImG(! ) 0O for Bosons (141)
We modi ed the kernel to account for the symmetry of the Bosois data G( ) = G( )

and the spectrumA(! ) = A( !). Note that the kernel is non-singular at! = 0 and the
spectral density A(! ) is positive de nite. For Fermionic Green's functions the pectra are
already positive de nite

exp( ')

1
< Wi 1y= — | . )
T+exp( ') with A(!) ImG(!) O for Fermions: (142)

K(:t)=
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We may also de ne positive de nite spectra for more exotic &®s, such as for the Nambu
o -diagonal Green's function G;,. Since the corresponding spectrum (! ) = —2ImGy,(!)

is not positive de nite, we enforce positivity by adding a psitive real constantb

z z
Go( )+ b diK (51)= diK (1) (AR()+ D : (143)

Here, we may incorporate the symmetry of the spectruA5(! ) = Agx( !) and the data
G )= Gy ) by modifying the kernel

e ! e O )

. ' = .
KEGH) l+exp( ! ) ° (144)
With this kernel, the equation takes the canonical form Eq. 34, if we identify
z
A()= Ap(!)+ bandG( )= G( )+ b dK (1) (145)
In each of the Bosonic, Fermionic and Anomalous cases,
Z 1
dA(1)< 1 : (146)

These positive-de nite normalized spectréA may be reinterpreted as probability densities.

Skilling®® argues that the prior probability for such an unnormalized pobability density
is proportional to exp(S ) where S is the entropy de ned relative to some positive-de nite
function m(!)

z
S= d[A(') m() AM)In(AM)=m(!))]
%f
A, mi A In (Ai:mi) ; (147)
i=1
where A; = A(';)d!;, i = 1;N¢. Thus, the prior is conditional on two as yet unknown

guantities m(! ) and

P(Ajm; )=exp(S): (148)
m(! ) is called the default model since in the absence of da@ P (AjG;m; )/ P(Ajm; ),
so the optimal A = m. The choice of will be discussed in Sec. [VBG6.

Rather than try to repeat Skilling's arguments here for the stropic form of P(Ajm; ),

we argue that this form yields the desired e ects:
1. it enforces positivity of A,
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2. it requires that A only have correlations which are required to reproduce theath G,
and

3. it allows us to introduce prior knowledge about the the smtra (i.e. exact results at

high frequencies) in the default model.

The rst e ect follows from the form of P(Ajm; ), assuming thatm is positive de nite.
The third e ect will be discussed in Sec. IVD5.

To illustrate the second e ect, Gull and Skilling use their langaroo argumerfl®. Imagine
we have a population of kangaroos. We know that one third of &m are left handed and
one third have blue eyes. The joint probabilities of left-hadedness and eye color may be

represented in a contingency table.

Left Handed
T F

Blue T| py [
Eyes F ps Pa

We are given thatp; + p, = p1 + ps = 1=3, what is the fraction that are both blue eyed
and left handed,p;? Clearly, there is not enough information to answer this qeion. We
must make some additional assumptions. If we assume that tieeis a maximum positive

correlation between left handedness and blue eyes, then

Left Handed
T F
Blue T|1=3 0
Eyes H O 2=3

If these events have a maximum negative correlation, then

Left Handed
T F

Blue T| O 1=3

Eyes H1=3 1=3

However, if we are forced to answer this question without thase of further information,
a more natural assumption to make is that the events of handaedss and eye color are

uncorrelated, so that 9 of the kangaroos are both blue eyed and left handed.
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Left Handed
T F
Blue T|1=9 29
Eyes H2=9 49

This nal answer is the one obtained by maximizing the entrop S = P *. pInp subject
to the Lagrange constraintsp fop =1 p+p=1=3andpy + ps = 1=3. All other
regularization functions yield either positive or negatig correlations between handedness
and eye color.

To relate this to the analytic continuation problem, imagire that each A; is an inde-
pendent event. If we maximize the entropy oA, subject to the constraint of reproducing
the data G = KA, then the resulting spectrum is the one with the least corrations that
is consistent with G. If we identify a feature in the spectrum as a region of corraled A,
(such as a peak) in deviation from the default modein;, and such a feature emerges in
the spectrumA(! ) and persists as the data becomes more precise, then we have reason
to believe that this feature is real. The choice of any otheregularization function would

produce arti cial features in the data.

4. Likelihood function

The form of the likelihood function is dictated by the centrd limit theorem, which for
the purposes of this section may be illustrated with the fadbwing example. Suppose we use
our QMC algorithm to generateN4 measurements of the Green's functio®| (wherel is an
integer between 1 and_, andi an integer between 1 andNy4). According to the central limit
theorem, if each of these measurements is completely indegent of the others, then in the
limit of large Ny, the distribution of G, will approach a Gaussian, and the probability of a

particular value G, is given by

P(G) = pzlre =2 (149)

D E )

P . 2
- 1 1 N - 1 — 1
where 2 = 7Ny i:dl Gi C':‘I - 2 G| Gl ’ 2= Ng(Ng 1) |

the angular brackets indicate an average over the bins of @at

p D E 9
G G, and

Of course, in the QMC process each of the measurements is matependent of the others.

Correlations exist between adjacent measurement&i(and G|*') in the QMC process, and
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FIG. 26: Symmetric PAM f-electron local Green's function G' ( = =2) plotted as a function of

the QMC step forU =2,V =0:6, and = 20.

between the errors of the Green's function at adjacent timdises (G| and Gi,, ) at the same
QMC step. The removal of these correlations is the most crdal step in the MEM analytic
continuation procedure.

Correlations between adjacent measurements are illustet in Fig. 26 where measure-
ments of G' ( = =2) are plotted versus the QMC step. The data from adjacent QMGteps
are correlated and the data are skewed since the Green's ftion is bounded from below
(Gl > 0). As a result the data are not Gaussianly distributed, as siwn in Fig. 27(a). Here,
a histogram of the data is compared to a Gaussian t. The devilns from a Gaussian are
quanti ed by the moments of the distribution. The most relewant ones in the present case
are the skewness (third moment) and kurtosis (fourth momehtwhich measure the degree
of asymmetry around the mean and the pointedness (or atnepgsf the distribution relative
to the Gaussiart!. The data are clearly not Gaussianly distributed, and disply signi cant
skew and kurtosis. To deal with this di culty, we rebin the data. For example, we setG}
equal to the average of the rst 30 measurements;? equal to the average of the next 30
measurements, etc. The distribution of this rebinned datasishown in Fig. 27b. It is well
approximated by a Gaussian t (the solid line).

The chosen bin size (here, 30 measurements) must be largeugioso that the bin averages
are uncorrelated, but small enough so that su cient bins remin to calculate the likelihood
function. To determine the smallest bin size that yields urarrelated data we quantify the

deviation of the distribution from a Gaussian by measuring wments of the distribution.
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FIG. 27: Distribution of the data shown in Fig. 26 (a) and after rebinning (b). The solid line is a
Gaussian t. In (b) the data was processed by packing it sequéially into bins of 30 measurements

each.

Of course, because the data are a nite set, each of these m@gasl moments has some
standard deviation (proportional to 1:p Nyins). Thus, one way to determine if the skewness
and kurtosis of a distribution are acceptably small is to meaure these values relative to
what is expected from a Gaussian distribution. We will use sh relative values.

As the bin size increases, the relative kurtosis and skewsedecrease monotonically,
indicating the convergence of the distribution to a Gaussia This behavior is shown in
Fig. 28a for theG( = =2) data.

In addition, Fig. 28b shows that the error estimate also comrges as the bin size increases.
Here, the error estimate is given by

" 5—F

= G2 hGi2 f(Npns 1) (150)

where angular brackets indicate an average over the bins oatd. Because correlations
between successive Monte Carlo measurements always make #nror estimate smaller than
the actual value, this error estimate should initially incease monotonically with bin size,
as shown. This behavior is easily understood by consideriagperfectly correlated sample
where the data in each bin is identical. Clearly, for this pdectly correlated sample, the
error estimate would be zero. As the bins become uncorreldtghe error estimate increases.
With independent data and a large number of equally sized kin eventually 2 1=Npis.

However, with a xed amount of data, as is typical with a QMC simulation, increasing the
bin size decreaseBli,s proportionally, and the error estimate can saturate as illstrated in

Fig. 28b. Thus, the saturation of the error estimate indicats that the correlations between

Monte Carlo measurements, i.e., between bin averages, hdseen removed. The point at

53



n 300 |
c T O relative skew
g 2004 - relative curtosis (@) |
(@)
2 100 O , ]
0 L 29 e e a0 o b
—10} oo 09 ©0 0o o]
= , .
=00 0)
(7] 8 j -
7 o , , , —
1 10 100
bin size

FIG. 28: Relative kurtosis and skew (a) and error bar (b) of the data sbwn in Fig. 26 as a

function of bin size. Here the total amount of data is xed, soincreasing the bin size decreases
Npins proportionately. As the bin size increases to about 30, theetative kurtosis and skew decrease
to roughly zero and the error bar saturates, indicating thatthe bins are uncorrelated samples and

that the data has become Gaussianly distributed.

which saturation occurs in a plot like Fig. 28b provides a usa@ rst estimate of the minimum
bin size required to remove correlations between the binsn beneral, one should perform
this test for the Green's function at all times |; however, we have found it is often su cient
to perform this test at only a few times. For the remainder of his section, we will assume
that the bin size is su ciently large so that both the error edimate and the moments of
the distribution have converged to values which indicate it the data are both statistically
independent and Gaussian-distributed.

Now, only the errors in the Green's functionG at adjacent time slices remain correlated.
This correlation may be seen by comparing the results from angle measurement with
those essentially exact values obtained from averaging ov@any measurements. Such a
comparison is shown in Fig. 29 where if the result from a sirggineasurement di ers from
the essentially exact result at a certain value of, then the results at adjacent values of
also tend to deviate from the exact results in a similar way. fese correlations of the error
in Matsubara time are characterized by the covariance

1 |\§Qins D E i D E i
= G G)G Gy): 151
N Nome D), (& GG & (151)

Ci
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FIG. 29: G'( ) from one measurement compared ta@f ( ) obtained from the average over 800 bins
of data, each containing 1520 measurements. If the result ém a single measurement at a certain
point di ers from the essentially exact result obtained by aeraging over many bins, then the results

at adjacent points also deviate from the exact results.

If C is diagonal, then according to the central limit theorem, tle likelihood function is
P(GjA) =exp[ 2=2] where

Io

=]
X G KA
2 I J i 7 : (152)

I=1 |
and ? are the diagonal elements o€. However, in general, the covariance matrixC; is
not diagonal because errors at di erent values of are correlated. To de ne a meaningful
measure of how wellA; reproduces the data, we must nd the transformationU which

diagonalizes the covariance matrix
Uulcu= 2;: (153)
Both the data and kernel are now rotated into this diagonal rneresentation
K°=U 'K G°=U !G; (154)
and each measuremen®? is statistically independent. Therefore, we can use
X  GP Pj KIQjAJ'! ’

= L (155)

2

to measure the mist between the spectrum and the data and to elne the likelihood

function.
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FIG. 30: Eigenvalue spectra of the covariance matrix ofc' for di erent numbers of bins of data.

Each bin contains 100 measurements antl = 41. When Npins 2L, C{Z develops a sharp break.

a. Cautionary Notes We nd that proper preparation of the data, removing correla
tions, is the most critical step in the MEM procedure. If the @ta are uncorrelated and the
covariance is calculated and diagonalized correctly, thehe resulting spectra will be reliable
(however, for weak data, it will show a signi cant bias towads the default model). If not,
then the Gaussian form of the likelihood function is unjusted and the resulting spectra
will generally have spurious features.

However, care must be taken when calculating and diagonatig the covariance. First,
Since the set of data is nite, it is necessary to balance thesed of removing the correlations
in imaginary-time with the need of removing the correlatios between Monte Carlo steps. To
remove the correlations in Monte Carlo steps the bin size miuse large; however, to calculate
the covariance accurately, many bins of data are requiredf there are not enough bins of
data, then the covariance and (as shown in Fig. 30) its eigesue spectrum can become
pathological. The reason for this pathology is that when weiagonalize the covariance
matrix, we are asking forL independent eigenvectors. We must have enough bins of data t
determine these directions so thalN,,s must be greater than or equal toL. In fact, since
the information contained in a given bin of data is not compkely independent from the
other bins, we must haveNy,s > L. Otherwise, as shown in Fig. 30, where = 41, the

eigenvalue spectrum displays a sharp break wheéy,s < L, indicating that only a nite
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number of directions, less tharlL, are resolved. The small eigenvalues after the break are
essentially numerical noise and yield artifacts in the spwga. Simply throwing away the
small eigenvalues and their associated eigenvectors does$ cure the di culty since the
small eigenvalues and eigenvectors contain the most preciaformation about the solution.
Thus, the only reasonable thing to do is to increase the numbef bins. Empirically, we
nd that we need

Npins 2L (156)

in order to completely remove the pathology of the sharp br&an the eigenvalue®’. Second,

as illustrated in Fig. 29 adjacent data in time tend to be higly correlated. These correlations
grow as the time step used in the QMC calculation is reduced,aking the rows and columns
of the covariance more correlated. Eventually, the covamaee becomes ill conditioned and
cannot be diagonalized. Such severe oversampling of the &rs function data does not
provide more information, but a small time step may be usefubr other reasons (such as
reducing Trotter errors). In this case we can x the problem ¥ eliminating some fraction

of the data (i.e. taking the data from every other time step).

5. Data produced by QMC simulations with sign problem

a. Sign problem in QMC simulations The nature of the sign problem in QMC calcula-
tions was discussed in 1I1D 1. When the average sign is smafle Monte Carlo calculations
become impractical. Even a moderate sign problem, for whi¢the computation of the static
guantities described in Eqg. 129 is still possible, introd@s additional problems in the calcu-
lation of the dynamical spectra including especially stramcorrelations of the data resulting
in non-gaussian distributions, such as those shown in Figl 8) and d). However, these can-
not be removed by standard techniques due to the strong colaion between the data and
the averaged sign of the con gurations which produce theseath. This makes it essentially
impossible to calculate spectra long before the minus sigmoplem makes the calculation
of the static properties impractical. In this section we adress this problem and describe a
solution which greatly increases the resolution of MEM wheoalculating spectra from such
poorly conditioned data.

Nevertheless, we should mention that we do not attempt to impve the sign problem

in general. We only introduce a proper way to compute the dymaical spectra when the
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average sign is small, but still large enough to allow the cquuatation of the static quantities.

b. Analysis of QMC data with sign problem The di culty in obtaining good data for
G' can easily be understood from the measurement process whée sign is not always
positive. Then, to obtain the Green's function, we no longemeasureG' but rather the
product of it and the signs of the con guration, Gs' G' s, and the signs. At the end
of the simulation, i.e. after a large number of measurementa/e then obtain

P .
_hGsi 4 Gs

hGi — = P :
II I’B' _Nd SI

(157)

However, besides the means (i.e. the averafg,i), in order to employ MEM we need to
generate uncorrelated and independer@fi) points normally distributed around the mean
(see Eq. 151). Generating these points is problematic if theégn problem is present, as we
discuss below.

First, in order to obtain good estimates ofG| (i.e. to have a good statistics), we need to

average a large number oBs| and s'

. _ Gs B Gs|
Gl= g = Pog (158)

Ne_ s the bin size or the number of points in the bini, thus Gs, and s' are

Here Bs =
bins

averages over the measurements that form the bin This large number of measurements
for every G| requires large computational e ort.

Second, even if the bin size is chosen large enough to prodgoed estimates of thes!, the
distribution of these will not be Gaussian. This can be eagilunderstood if one notices that
the G! distribution is a ratio of two normal distributions, Gs: and s' respectively. However,
the ratio distribution of two normal distributions is not a normal distribution. Therefore in
order to obtain a normal distribution for G| data one has, in the virtue of the central limit
theorem, to further rebin the pointsG|. Of course, this rebinning will result in an additional
computational e ort.

Third, as within the same bini there is a strong correlation between di erent data points
Gs: corresponding to adjacent time slices, there is also a stirrorrelation between data
Gs: and s'. The G| are a result of a nonlinear operation between two correlategliantities.

Thus the average ofG!
1 ’\%ins

G =
! Nbins i=1

G| (159)
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FIG. 31: a) and b) histograms representing the distribution of Gs( = =16) and respectively sign
s for 3000 measurements per bin. c) histogram representing tdistribution of G( = =16) when

a G point is obtained as a ratio of 3000 averagedss and 3000 averageds points. d) histogram
representing the distribution of G( = 2) when every G point is obtained by rebinning 30 initial G
points obtained as a ratio of 600 averagedss and s points. The dashed lines represent the best

Gaussian t to the data.

will be di erent from hG,i obtained in Eq. 157. Therefore, one ends with a set & data
normally distributed around G, which is not a good estimation foiG, if the correlations are
strong.

In order to exemplify the problems discussed above, we emydd a QMC based DCA
algorithm to produce a very large amount of data for the singtparticle Green's function of
the two-dimensional Hubbard model (Eqg. 1) on a square lattec We choosé = 0:25 so that
the bandwidth W = 2 and setU = W. To make the sign-problem worse, we add a next-
nearest neighbor hopping®=  0:3t to frustrate the lattice. We perform calculations on a
16-site 4 4 cluster at 15% doping, down to temperature$ = 0:125 where we experience
a severe sign-problems = 0:051. We calculated 8000 data points (bins)qs:;s‘), and for
every data point we averaged 600 QMC measurements.

In Fig. 31 a) and b) we show histograms of thé&s( = =16) and respectivelys when
the bin size is increased ve times, which corresponds to anexage of 3000 measurements
per bin. It can be seen that the data are normally distributedo a very good approximation.
This is unlike the situation shown in Fig. 31 c) where th&( = = 16) distribution, obtained
as a ratio distribution of the previousGs( = =16) ands, is shown. TheG( = =16) data
are strongly peaked, being characterized by a large posgikurtosis. Similar distributions
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of data are observed (not shown) for the other values of the aginary time. The worst
situation is observed at imaginary times close to=2 which a ects mainly the low-energy
properties of the spectra. In Fig. 31 d) we show the distribitn of G( = =2) when
every point is obtained after rebinning 30 initialG( = =2) points, with each initial point
being obtained as a ratio of 600 average@s and s points. Even if now a large number
of measurements (1,800) is used for producing one data point, the distributionsi still not
Gaussian. However, this is mainly because we used a small amoof measurements (only
600) for obtaining the initial G points (i.e. the ones before rebinning). We found that
much better data can be obtained if initially one uses a largeumber of measurements to
calculate the G points and afterwards a rebinning of a few successi@ points is employed.
Nevertheless the number of measurements necessary to abtaormal distributed G points
is much larger than the one required to obtain normal distribted Gs and s points. In
our case this number is about ve times larger but this values dependent on the problem
considered, being determined by both the magnitude of the elations and the value and
the distribution of the sign.
We propose the following modi ed approach to MEM for QMC datawith sign problem.
1) Rebin (Gs:;s) until they become normal distributed. As it was shown in Fig 31 a)
and b) this can be achieved with a relatively small amount ofata. ii) Employ a rotation
in the space Gs;;s) in order to obtain the statistically independent vectors.iii) Calculate
2 in the space spanned byGs;s). The calculation of 2 in a space which now includes
the extra sign dimension will be discussed below in Sec. IVEB5
c. Modi ed likelihood function Denotingh  (Gsy;s), the modi ed likelihood function
is de ned asP[hjA], since the measured quantities in the QMC process are theoints (and
not G). As we showed in the previous section, for acceptable vatuef the bin size, the data
h are to a good approximation Gaussianly distributed. Therefe, the modi ed likelihood
function also will have the usual form ag =2, with
yr1
2= I'k-l(hl hi(ADIC, Tk (he  hi(A)) (160)
The new covariance matrix has the dimension.(+1) (L +1),

1 Nens N -
(hhiy  hy)(hhic  hy): (161)

C =
ik Nbins(Nbins 1) i=1
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The only problem which remains to be solved is nding an equain for h(A), since Eq. 134
only provides a relation forG(A). In order to achieve this we do the following: First we

absorb the sign into the spectrum, i.e. we de né as
A(l)=sA(): (162)

Instead of searching for a spectrum which satis es Eq. 134 we search fok which satis es

Z
Gs( )= K(;!')A()d: (163)

Second, we consider the spectrum normalization sum-rule

Z
B= A()dl (164)

which implies
Z 1

s= §A(! )d! (165)
Here B is a constant, equal to one for the the one-particle spectrand equal to the static
susceptibility (T) for the two-particle case. We relate the sign uctuations © the norm of
the new spectrum because of the sighwas absorbed into the de nition ofA.
Both Eq. 163 and Eq. 165 can be written as

8
R K, 1L

hhi = Kn A; Ky =
=1 -1 I=L+1

(166)
This is the basic equation which relateh to A and determines the likelihood function
P[hjA]  P[hjA]. MEM will produce the most probable spectrumA normalized to hsi

which minimizes the 2 function in Eq. (160) subject to the entropy constraint.

We note that for the one-particle case, wher8 =1, Eq. 165 is equivalent to
Gs(0)+ Gs( )= s: (167)

By using Eq. 165 in the calculation of the likelihood functio we impose

Gs(0) N Gs( ) _ 1
S S

GO)+ G( )= (168)

at every measurement. Since Eqg. 168 results solely from theticommutation relation of
the one-particle operators it should be satis ed in every @msible con guration and implicitly

in every measurement. Therefore, this way of implementindhé normalization sum-rule is
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more natural than the usual way based on Lagrange multiplisrwhere the constraint is
globally imposed, i.e. not at every measurement but only fothe nal Green's function
obtained at the end of the QMC process.

For the two-particle case, wheredB = (T), the sum-rule Eq. 164 is not an independent
equation as in the one-particle case, but merely an integiah over of Eq. 137. Therefore it
is essential to treatB as a constant (equal to the nal, averaged over all QMC con grations,

h (T)i) and to disregard measurement dependent uctuations in(T). This way we relate
the norm of A only to the uctuation of the sign s.

6. Details of the MEM Formalism

We will now construct the formalism to locate the most likelyspectrum A and set the
value of . The rst step is to normalize the likelihood function P(GjA) and the prior
P(Aj;m ). Here it will be necessary to integrate over the space of apectraA;. This is
done with Gaussian approximations to the integrals. Folloing Skilling and Bryan®®, we
employ a measura™ A:Qi P A; which amounts to a change of variables to a space whe3e
has no curvaturé®.

For example, the normalized prior probability is

1 n X 0
P(Aj;m)= - exp A InA=m, A+ m : (169)
S
where
Z A X 0
Zs = Q—pf exp AilInAi=m; A +m; (170)
i i

The integrand is maximized whenS = 0, i.e. when A = m. We approximate the integral
by expanding the argument of the exponent to second order anod this maximum, S
AT Sjpom A = 2ATfl=mg A, wherefl=mg is the diagonal matrix with nite
elements composed of=In;, and A is the vectorA m.
z N
Zs eﬂp%_ exp % ATfl=mg A (171)
i i

We de ne a change of variables, so thatly, = dA, P A; and nd

z
Zs d"yexp %nymglzzflzmgfmglz2 y =(@2= )V? (172)
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The likelihood function must also be normalized
P(GiA) = e =7 ; (173)

where )

x G " KA
2= % : (174)
I I

whereK % and GP are the kernel and data rotated into the data space where theariance

o . . P
is diagonal, and 0,2 are the eigenvalues of the covariance. If we I& = ; K{A;, then

8 9

z 2% G G 2 Y
Z = dLGexp>% '702'> =2 )2 9: (175)

: =1 | ’ |

Using Bayes theorem, we nd

P(A;Gjm; ) = P(GJA;m; )P(Ajm; )

= P(AJG;m; )P(Gjm; ) (176)
or
exp(S  *=2)

P(AjG;m; )/ P(GjA;m; )P(Ajm; )=

177
7.7, (177)

Since the normalization factorZs and Z, are independent of the spectrum, for xed and
data, the most probable spectrumA( ) is the one which maximizexQ = S 2=2. An
algorithm to nd this spectrum is discussed in Sec. IV C. Howeer, the question of how to
select and the default model remains.

a. Selection of The selection of strongly e ects the choice of the optimal
spectrunf* since controls the competition betweenS and 2. If s large, then the
entropy term is emphasized and the data cannot move the speatn far from the model. If

is small, then the least square mis t between the spectrum anthe data is minimized so
that 2 L. The numerical error in the QMC data then begins to dominateHe solution
and the spectra displays random oscillations and noise. T&uit is important to nd a
sensible way of selecting. Typically, is selected in one of three ways described below.

b. Historic MEM In the historic method*4°, is adjusted so that 2 = L. The
justi cation for this is that if the spectrum is known and the data was repeatedly measured,
then the mis t between the data and the spectrum 2 = L on average. However, the data

are only measured once and the spectrum is not knovanpriori. Also, setting 2 = L tends
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to under t the data since good data can cause structure in thepectrum which reduces ?
from L. Thus, there is little reason to believe that can be chosen without input from the
data itself.

c. Classic MEM A more appropriate method* of setting is to choose the most

probable value, de ned by maximizing
z

N
PLiGIm = QB P(A jGim): (179
The integrand
: : exp(S 2=2
P(A jGim) = PlajGim; P( )/ B _Fp( ) a79)

involves the prior probability of . Je reys*® argues that since 2 and S have di erent units,
is a scale factor. He asserts that in lieu of prior knowledgé, should have the simplest
scale invariant formP( ) =1= . Thus,

z N 2—
. d A exp(S =2) Zg
P(jGm)= ePp— =
(] ) \ei PR 77, 77,

(180)

Zq is calculated in a similar fashion taiZs. We expand about the maximum ofQ at A = A
sothatexg S 2=2g expfQA)+ L AT Qg Ag=expfQUA)+ LA I Lm 2,
f = AggA g. We again make a Gaussian approximation to the integral, anii ; are the

eigenvalues offf A¥™?grr  %j, f Al™g, then

(jGm)= W | . ; (181)
where .
Y 1=2
w= 9 — Q) (182)
i
The optimal , » may be determined by the condition
@R jG;m)
——— = =0: 183
@ (183)
For strong data, P( jG; m) is dominated by the product and expQ(A) so that
X -
2'S A (184)

i i
Each ; which is much greater than ~contributes one to the sum and hence one to the
number of good observations in the data. If the numbeNg,q = 25 is large, then
P( jG;m) is very sharp the spectra corresponding to = ~ is a good approximation of the
spectra which has been properly averaged overl( jG; m).
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FIG. 32: The posterior probability P( jG;m) as a function of for the periodic Anderson model
data presented in Fig. 1. SinceP (Gjl) is unknown, the magnitude of the ordinate is also unknown.
The distribution is wide, so many reasonable values of exist. The distribution is also skewed, so

the value of at the peak is not representative of the mean.

d. Bryan's Method However, typically we nd that Ngooq L. Then P( jG;m)is a
broad and highly skewed distribution. For exampleP ( jG; m) for the data shown in Fig. 26
is plotted in Fig. 32. The distribution is wide, so many reastable values of exist. The
distribution is also skewed, so the value of at the peak is not representative of the mean.
To deal with this, Bryan*® calculates the optimal spectrum&( ) for each . The solution
is taken to be

Z
A= d A()P(jGm): (185)

These three MEM methods will produce essentially identicaksults if the data are un-
correlated and precise. However, when the data are less psecbut still uncorrelated, the
method suggested by Bryan, averagind( ) weighted by P( jG; m), generally produces
more acceptable results and converges to a good result fadtean the classic method and
much faster than the historic method as the data is improved.A further advantage of
the averaging is that it allows an accurate relative assesemt of the posterior probability
(RO1 d P (mjG; )) of the default model. This information is invaluable in déermining which
default model yields the most likelyA.

e. Cautionary Notes Classic MEM and Bryan's method both rely on the accuracy of

Eq. 181 forP( jG; m), which is calculated with a Gaussian approximation. Thiss only

65



accurate if Q is a sharply peaked function in the space of all images. Thigpgroximation

clearly fails when ! 0. Here there is no regularization and in nitely many spectt will

produce the sameQ. In this case, the algorithm can reach a run-away condition kere it
tends toward small values of , the approximation for P( jG; m) fails causing the calculation
to tend towards ever smaller values of. This condition is easily identi ed in the calculation,
and it can be cured by choosing a better default model (a Bryaor classic MEM calculation
with a perfect default model will always tend toward a solution with large ), using the

methods described below, or the annealing method describiedthe example Sec. IVD5.

7. Model Selection

Bayesian statistics may also be employed to select the deltannodel. If we must choose
between di erent models, or set parameters used to de ne a fdailt model function, then

we choose these models or parameters based upon the postgmobability of the model

z
P(miG) = dP( jmGP(m): (186)

We see noa priori reason to favor one default model over an another, so we tyally set
the prior probability of the model P (m) =constant. Then the integrand in Eq. 186 is given
by Eqg. 181 so that

P(mG)/ W : (187)

Since the prior probability of the model is unknown,P (mjG) determines only the relative
probability of two models, and by inference the relative prioability of their corresponding
spectra.

a. Cautionary Notes It can be tempting to try very informative models, such as the
uncorrelated spectrum with sharp distinct features. Such efault models will often have
high posterior probabilities P(mjG) but should nevertheless be avoided unless one can be
certain that the sharp features are real. For example, a model with aetta function peak,
has a huge amount of information, whereas the informationdm the QMC data is quite
nite an may not be able to correct a wrong delta-function feture in the model. In this

respect, again, the annealing technique described laterideal.
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8. Error Propagation

To absolutely qualify the spectrum, we need to assign errombs to it. In the quadratic

approximation, the probability of the spectral density is
P(AjG:m; )/ e zA" ™ Qix A . (188)
thus the covariance of the spectral density is

hA()A(Y9i= (i Qjp) *: (189)

It is not possible to assign error bars to each point in the spwal density since this matrix
is generally not diagonal. Thus errors between di erent pats are strongly correlated. Also,
A; represents the spectral probability within some region ofnite width and hence lacks
meaning at a speci c value offt . However, it is possible to assign error bars to integrated

functions of the spectral density such &s,

z
H= dA(()h(); (190)

where h(! ) is an arbitrary function of ! . The error of H may be associated with the
covariance of the spectral densith A (! ) A (! 9i

D E Z2Z

(H)? = did! °h(1)h(! Y9hA () A (9 : (191)
The matrix rr Qj, is readily available because it is used as the Hessian of thevidon
search algorithm typically used to nd the optimal spectraldensity.

a. Cautionary Notes Care should be taken in the interpretation of the error bars,
especially if a highly informative default model is used. $pose for example the data is
weak, but a default model in essentially exact agreement witthe data is used, then as
discussed above, a large solution will be found corresponding to & with small curvature
in the space of images, and hence very small error bars. Thise$ not necessarily mean
that the resulting spectra is accurate, just that the defaulmodel is one of many which is
consistent with the weak data. Unless the information in a deault model is known to be
accurate (such as the spectra from a higher temperature, on® which becomes exact at

high frequencies), such highly informative default modelshould generally be avoided.
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FIG. 33: MEM may be integrated into the DMFA/DCA loop. After e ach QMC step, MEM is
used to calculate the cluster Green's function, and the Dysn equation relating G and G is used to
extract the self energy. This eliminate the need to invert the course-graining equation in order to

solve for .

9. Integration of MEM with DMFA/DCA

a. Cautionary Notes A few problems can emerge when MEM is used to analytically
continue DMFA and DCA data.

For example, in multiband models, such as the periodic Andssn model Eq. 2 it may
be di cult to extract the real-frequency self energy. In suth models where only a subset
of bands are correlated, we typically integrate the uncortated band (in this example, the
d-band) out of the action and only sample the Green's functies of the correlated bands
(i.,e. G¢ (). In principle, the self energy may be extracted by invertig the coarse-graining
equation. That is, for DMFA solution to the PAM

Gi(l)=" Gi(ki!) (192)
k

where the DMFA cluster Green's functionG; (! ) is calculated with MEM. However, this can
be very problematic since there are as many roots to this edien as there are bands, except
at very high and low frequency, it can be di cult to disentangle the physical solutions from
the unphysical ones. There are two ways to deal with this prdd&m. First, we may directly
sample the Green's functions for the uncorrelated bands, ing the methods described in
the chapter on DMFA and DCA. Second, we may build the real sp#a calculation into
the DMFA/DCA loop as illustrated in Fig. 33. Using MEM, we andytically continue the

cluster DMFA or DCA Green's function. Of course this method equires that the real and
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FIG. 34: The DCA algorithm. QMC is used as a cluster solver. Orte convergence is reached,
G = G, and the irreducible quantities are used in the Maximum Entropy Method (MEM) codes
to calculate the spectra. However, conventional error esthating techniques, only account for the

error in the last iteration.

Matsubara frequency self energies used to initialize the OB correspond (i.e. you may set
= 0 to initialize or use the self energies from a previous comined DMFA/DCA-MEM
run).

Another problem, speci c to self consistent methods like D& and especially DMFA, is
that the error estimate for the data described above only aoants for the error from the
last DMFA/DCA iteration, but not the error in the host Green' s function G coming from
the previous iteration (Fig. 34). The simplest way to deal wih this, is to make sure that
the penultimate iteration is rather precise. Another way igo sample the DCA procedure.
l.e. performing thirty or so statistically independent DMFA/DCA simulations with di erent
random number seeds and then use jackknife or bootstfdstatistical methods to calculate

the covariance.

C. Bryan's Method: a MEM algorithm

We will now sketch Bryan's numerical algorithm to nd the optimal spectrum. For a more
detailed description, we refer the reader to his pap® We have found his algorithm to be
very appropriate for the numerical analytic continuation poblem for two reasons: First,
due to the exponential nature of the kernel which relate# to the data G, we typically
havelL  Ngooa. Thus, the problem is usually \oversampled." Bryan tailore his numerical

algorithm*® to this type of problem by working in a reduced space whose d@msion is

69



determined by singular-value-decomposition of the kernéd and is equal to the largest
possible number of good singular values (i.e., numericaBigni cant) which may parametrize
the solution. The dimension of this space is usually much kshan the number ofA;, and
we found the computational advantage over methods that usén¢ entire space determined
by the number of A; to be signi cant. Second, for the analytic continuation prdlem, the
approximation of setting equal to its optimal value is questionable because of the ved
range of reasonably acceptable values of Bryan deals with this by calculating a result

which is averaged oveP ( jG; m).

1. Typical Algorithms

What distinguishes Bryan's numerical algorithm from its pedecessors is the way in which
the space of possible solutions is searched. Typical alglonis search for an optimalA by

stepping through the entire space oA

Al A+ A (193)
with
A= (mr Q 'rQ: (194)
The Hessian (r Q) lis
(r Q'=(msm L's fAaglmw L (195)

wheref Ag is a diagonal matrix with the elements ofA along its diagonal. It may conceptu-
ally be expanded using the binomial theorem so that( Q) ! may be written as a power se-
riesinfAgrr L. Thus, A may be written as a combination of Agr Q= fAg( r S r L),

and powers off Agrr L acting onfAgr S andfAgr L. Each of these vectors de nes a di-
rection in which the search can precede. Typically, betweethree and ten directions are
used; however, these directions are often inappropriater fihe problem at hand, because as

mentioned earlier, the space of all possible solutions isatéarge for such oversampled data.

2. Singular-Space Algorithm

To alleviate this problem, Bryan performs a singular-valuelecomposition (SVD) of the

kernel K, i.e., K = V UT whereU and V are orthogonal matrices and is a diagonal
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matrix, and works in the resulting singular space. To see thahis space still contains the

solution, we consider
= QFQL: K T QL
@ADF @F

whereF = KA. We see thatr L lies in the vector space de ned by the columns &€ 7. We

rL (196)

next perform a SVD onK and assume the diagonal elements of are ordered from larges
to smallest. The smallest elements are essentially zero (tike numerical precision of the
computer) since the kernel is e ectively singular. Howevers of the elements are assumed
nite. Now the vector space spanned by the columns &€ 7 is the same as the space spanned
by the columns ofU associated with the non-singular values. Bryan calls thisduced space
the singular space Thus, to the precision that can be represented on the compart f Agr L
and all of the search directions formed by acting with Agrr L lie in the singular space
spanned by the columns of AgUs, where Us is the singular space projection ofJ. The
only direction not in this space isf Agr S. Thus, Bryan's algorithm works in at most an

s + 1-dimensional subspace of th&l -dimensional space oA.

In this singular space, the condition for an extremum o, r Q =0, is

X @L
rsr L=0! In (Aj=m;) = Kii =" 197
(Ai=m;) NGTS (197)
Thus, the solution may be represented in terms of a vectar
In(A=m) = KTu: (198)

UnlessK is of full rank, so that s = N, the components ofu will not be independent.
However, sinceK T and U share the same vector space and since most of the relevantrsea
directions lie in the singular space, Bryan proposes that ésolution be represented in terms
of U andu as

A = m; expx Uin Up - (199)

n
Thus, to the precision to which it may be represented on the agputer and determined by

SVD, the spaceu must contain the solution de ned byr Q = 0, and the search can be
limited to this s-dimensional space.

Bryan's algorithm precedes by rst reducing all the relevah matrices to the singular
space. With the de nitionsK = V UT and log(A=m) = Uu, the condition for an extremum
becomes

_ T @L
Uu=U VTes (200)
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or
vT QL

@F
where each of these matrices and vectors has been reducedhi® singular space. | is now

u = g; (201)

a vector of orders, isan s sdiagonal matrix etc.) Bryan then uses a standard Newton's
search to nd the solution in the singular space, starting fom an arbitrary u. The increment

at each iteration is given by

Ju= u g; (202)
whered = | + @g=@is the Jacobian matrix,| the identity matrix, and
@g_ |, @L @F@A

o ¥ oF @reu (203)

With the de nition W = @L=@F (which is just the diagonal matrix with elements % olz)’
M= VTWV,and T =UTAU. M and T are symmetrics s matrices, the Jacobian
J=1 +MT, and

(I +MT)u= u g: (204)

At each iteration u must be restricted in size so that the algorithm remains stdé. Thus,

another parameter (a Marquart-Levenberg parameter) is added
[(( + )I+MT]Ju= u g (205)

and adjusted to keep the step lengthu™T u below some the limit
u'Tu m; (206)

so the search is within the range of validity of a local quadte& expansion ofQ.
This search can be made more e cient if Eq. 205 is diagonalide so that of orders

operations are required for each  pair. First, we diagonalizeT
TP=P (207)
whereP is an orthogonal matrix and is diagonal with nite elements ;. Then we de ne
B=1f ¥gPp'TMPf g (208)
and solve the second eigenvalue equation
BR =R (209)
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whereR is orthogonal and the diagonal matrix with nite elements ;. Finally, to diago-
nalize Eg. 205 we de ne
Y = Pf ¥gR: (210)

ThenY TY 1=T,andY MY T =, sothat
Y Y+ N+MTJu=[( + )N+]Ylu=Y1[ u (211)

which yields s independent equations foY ! u. Again, as these equations are iterated,

must be adjusted to keep the step length

X
uTTu= Y tu’ m; : (212)

[
3. Selection of

The value is adjusted so that the solution iterates to either a xed valie of 2 (for
historic MEM) or to a maximum value of P( jG;m) given by Eq. 181 (for classic MEM).
Then, A is obtained from |

Ai = m;exp * Unup (213)

n=1
Alternatively, Bryan suggests that one may start the algothm with a large  for which
P( jG;m) is negligibly small, and then iterate to 0 so that the averaged spectrum may
be approximated z,
hAi = i dP ( jG:mA() (214)
where A( ) is the optimal spectrum (that for which r Q = 0) for the value of speci ed in
the argument. This latter step may be necessary whelr( jG; m) is not a sharply peaked

distribution. In fact this is usually the case, as may be seen Fig. 32.

4. Error Propagation

As discussed in Sec. IVB8, it is possible to assign error bdwsintegrated functions of
R
the spectrumH = d!A (! )h(!)

D E Z2Z
(H)? = did! °h(1 )h(! YhA (1) A (9 ; (215)
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where
hA()A(Y9i= (i Qjp) *: (216)

This is the inverse of the Hessian of the algorithm discussadbove. rr  Qj, and is easily

calculated in terms of singular-space quantities
m  Qjg=f1l=AguY "f 1 + gY 'UTf1=Ag: (217)

Its inverse
(rr Qjg) "= fAgUY % YTUTfAg (218)

may be used to calculate the error afl , ) W for any . In principle, one should average
the error over P( jm; G); however, we nd that it is generally adequate to calculatehe
error of the spectrum at the optimal »

We close this section with several practical comments: On aovkstation, nding the
optimal spectrum by searching in the singular space requs®nly a few minutes of computer
time. This e ciency is in sharp contrast with the amount of computer we needed even
on a \supercomputer" for standard Newton algorithmé&® or simulated annealing methods
that use the full space ofA. We found it essential to use 64 bit arithmetic to obtain stake
results. Also, we use LINPACK'S! singular-value decomposition routine to do the SVD and
also to compute any eigenvalues and eigenvectors. The SVutiae in Numerical Recipe$’

and the EISPACK®? eigenvalue-eigenvector routine RS are not as stable.

D. Case Study |

In this section, we will demonstrate that it is possible to etxact spectral densities from the
guantum Monte Carlo data that are essentially free from arfacts caused by over tting to
the data and have only small and controllable amounts of statical error. We will use as an
example the electronic spectral densities of the in nitedithensional periodic Anderson model
(PAM). We have already quali ed the local Greens function d&a to remove correlations using
the procedure discussed in Sec. IVB4, so we can begin to psscéhe data to obtain the
single-particle density of states spectral function.

For the majority of this section, we will consider particlehole symmetric dataG( ) =

G( ), and spectraA(! ) = A( !). This prior information may imposed on the solution by
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FIG. 35: A sequence of spectral densities generated with imeasingly accurate data. Every time
the number of bins of data is doubled, the error is reduced by ip 2. A Gaussian default model, the

dashed line, was usedNyjns increases beyond R = 82, spurious structures are quickly suppressed.

constructing a symmetric kernel and default models. We willise three symmetric default
models: two non-informative models | the at model m(! ) = constant and a simple
Gaussian

m(l)= B—exp[ (=) (219)

and also a third one obtained from second-order perturbatiotheory in U334, The kernel
for symmetric Fermionic Green's functions may be modi ed t@e ect the symmetry and the

associated integral restricted to positive frequencies
Z 1 |

e'!+el )
= | | :
G()= dA()

(220)

1. Convergence of the Spectra

To minimize the e ects of statistical error, the accuracy othe data needs to be increased
until the spectral density has converged. This is demonstied in Fig. 35, where the accuracy
of the data are improved by increasing the number of bins of tta Here, a Gaussian default
model is used whose width = 16 (chosen by an optimization procedure to be discussed
below). Each time the number of bins of data is doubled, the aaracy of the data increases
by 41%. The spectral densities corresponding to smallest mber of bins of data have
spurious features associated with over tting. These featas are associated with di culties

in calculating the covariance matrix, as discussed in Sed/B4. As Ny, increases beyond
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FIG. 36: Dependence of the spectral density upon the defaulmodel. The width of the Gaussian
default model (a) is varied, producing a series of spectral @nsities (b). In the inset to (a) is the
posterior probability of the default model P(mjG), produced by integrating the joint probability

P(A; ;m jG) over andA, is plotted as a function of . The normalization of P(mjG) is unknown
because it depends upon the probability of the data and the pior probability of the default model

which are unknown.

2L = 82, the spurious structure is quickly suppressed. By theme 800 bins of data have

been used, the spectral density appears to be converged toesal line widths.

2. Default Model Selection

One may also test the dependence of the spectral density orettiefault model by changing
its parameters or by using di erent models. The best model ithe one with the largest
posterior probability, calculated by assuming that the pror probability of the default model
is at, so that P(A; ;m jG) / P(A; jG;m). Then P(mjG) is obtained by integrating
P(A; ;m jG) over A and . The e ects of varying the default model parameters are show
in Fig. 36a where the same data set is analytically continuedith Gaussian default models

whose widths satisfy 10 < < 2:4. The posterior probability P(mjG) of these default
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models, shown in the inset, is peaked around 1:6. (We note that the normalization of
P (mjG) is unknown, since the prior probability of the default modeand data are unknown).
The resulting spectral densities are shown in Fig. 36b andeafound to depend only weakly
upon the default model. It is also possible to optimize the ptirbation theory default
model and hence to optimize the corresponding spectral déres. In the optimization of
the default for the PAM spectra, the df-hybridization V may be treated as a variational

parameter.

3. Error Propagation

In Fig. 37, we compare the optimal spectral densities obtaal with the optimal perturba-
tion theory, Gaussian, and at default models. (The at default model, with no adjustable
parameters, is not optimized.) The posterior probabilitie for each result indicate that
the perturbation theory default model produces by far the mst probable spectral density.
However, we note that the qualitative features of the speatt density change little with the
default model even though a large variety of default modelsere used. This independence
is one signature of good data!

As a nal test of the quality of the spectral density, one can ealuate its error in di erent
intervals of frequency. In Fig. 37, we chose to assign erroais to the integrated spectral
density (h(! ) = 1) over di erent non-overlapping regions. The width of the region centered
at each error bar is indicated by the horizontal spread of therror bar, the spectral weight
within this region is indicated by the value of the data point while the estimate of the
uncertainty is indicated by the vertical spread. The pertubation theory default model
yields the most precise spectra at all frequencies, consist with the posterior probabilities

of the models.

4. Two-Particle Spectra

There are special di culties associated with the calculabn of spectral densities associ-
ated with two-particle Green's functions. These di culties include noisier and more cor-
related data and the lack of a good default model. The latter rpblem stems from the

traditional di culties of performing perturbation theory for two-particle properties.
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FIG. 37: The f-electron density of statesAf (I ) generated using (a) a perturbation theory, (b) a
Gaussian, and (c) a at default model. These models are showas insets to each graph. The data
points indicate the integrated spectral weight within 10 non-overlapping regions of width indicated
by the horizontal error bar. The vertical error bar indicate s the uncertainty of the integrated weight

within each region.

As an example, we will analytically continue the local f-et#ron dynamic spin suscep-
tibility  °¢! ) of the symmetric PAM. As discussed in Sec. IVB, the Monte Cér data
()=2h ()S*(0)i is related to °}!) by

_f1 tfe e O Q)=
()= . d! T o ; (221)

To construct a model we will employ an alternative to perturlation theory, and construct
a default model from di erent moments of the spectral funcon. They will be used as
constraints to the principle of maximum entropy. The momerg used to generate the default

model are

1 1
S (t=0= di( %)= (222)
2 0
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FIG. 38: %1)=! forV =0:6,U =2 and = 20 for the PAM generated using a default model

de ned by two moments of the spectral density. The data points indicate the integrated spectral
weight within 10 non-overlapping regions of width indicated by the horizontal error bar. The

vertical error bar indicates the uncertainty of the integrated weight within each region.

( =0)= Ol dl ( Q)=1)! coth(!= 2): (223)

The (unnormalized) model is then generated by maximizing #hentropy subject to these

constraints imposed with Lagrange multipliers o and ; and is easily found to be
m(!')=exp[ o+ 1! coth(!= 2)] (224)

where o and ; are determined by the constraint equations above.

Clearly this procedure may be generalized to utilize an aripary number of measured
moments and often provides a better default model than pertbation theory. However, as
shown in Fig. 38, the nal spectral density can di er signi cantly from the default model
when de ned in this way. Nevertheless, the error bars indita that the spectral density is

trustworthy.

5. Annealing Method

Occasionally we have reason to calculate a series of spedtnaa variety of temperatures
(i.e., for the calculation of transport coe cients). If thi s setis su ciently dense, then starting

from a perturbation theory default at high temperature, we nay use the resulting spectra
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FIG. 39: The evolution of the d-electron density of states of the asymetric PAM when U = 1:5,
V =0:6 ng =0:6 and nf = 1:0. At high temperatures, as shown in the inset, the spectra is
in essentially exact agreement with second-order perturltian theory. In addition, the d-electron
states far from the Fermi surface are weakly renormalized byhe strong electronic correlation on
the f-orbitals. Thus, as the temperature is lowered, the lovirequency spectra change continuously,

whereas the high frequency features change very little.

as a default model for the next lower temperature. As far as waow, this procedure has no
Bayesian justi cation; however, it has signi cant physicd motivation. At su ciently high
temperatures, perturbation theory often becomes exact. Tis, this annealing procedure
may be initialized with an essentially exact result. Furthemore, as the temperature is
lowered, we expect the high frequency features of many specto freeze out (this is an
essential assumption behind the numerical renormalizaticgroup method). Thus, the QMC
is only required to supply information about the low-frequecy features. Since QMC is a
discrete sampling procedure in Matsubara time, according tNyquist's theorem QMC only
provides information below the Nyquist frequency y = = . Thus, the perturbation
theory provides the high-frequency information, the QMC tlk low-frequency information,

and MEM provides a natural method for combining these inforiation sources.
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FIG. 40: One-particle spectra atK = ( ; = 2) calculated with di erent amounts of data using a)

the new method and b) the old method.

For example, the evolution of the d-electron density of stas of the asymmetric PAM is
shown in Fig. 39. At high temperatures, as shown in the insethe spectra is in essentially
exact agreement with second-order perturbation theory. laddition, the d-electron states
far from the Fermi surface are weakly renormalized by the ging electronic correlation
on the f-orbitals. Thus, as the temperature is lowered, theoW-frequency spectra change

continuously, whereas the high frequency features changery little.

E. Case Study Il
1. Spectra form data with sign problem

Here we present a comparison between the spectra obtainedhathe conventional (old)
approach which does not consider the sign covariance, ancetinew) method described in
Sec. IVB5c. With the old method, Eg. 158 is used to calculatené binned data when the
sign is not always one, and Eq. 151 is used to calculate its aaance. In the new method,
the sign is incorporated into the data and Eg. 161 is used to lcalate the covariance. In this
example, we calculate the the one-particle spectrum. At thieighest temperature, the model
m(! ) used in the entropy functional is chosen to be a Gaussian fction. The annealing

procedure is then used to obtain the spectrum at lower tempatures.
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In Fig. 40 (a) and (b) we show the one-particle spectra of the ibbbard model atK =
(; = 2) calculated for di erent amounts of data with the new and repectively with the old
method. In both cases, when a large amount of data is used (80flata points) the spectrum
(thick continuous line) is converged. Moreover the two metids produce the same spectrum.
However, notice that with the new method a reasonably good sptrum, i.e., a spectrum
close to the converged one, can be obtained with an amount adtd as small as 100 data
points (see the double-dotted dashed line in Fig. 40 (a)). CGthe other hand, the old method
requires at least 600 data points for a spectrum of comparabtjuality (see the dotted line
in Fig. 40 (b)). Thus, for the case under investigation, we  that the new method reduces
the computational cost of calculating the one-particle spgra about six times. For other
problems characterized by stronger correlations the impvement is even more signi cant.

If the sign is not very small, some experience is needed to wiecwhether to use the old
or the new method. Clearly, the old method will fail when the ign is exactly one since
the covariance, Eq. 161, will be pathological since the sigras no error. As a rough rule
of thumb, we tend to use the old method when the sign is greaténan 0:8 and the new

method when it falls below this value.

F. Summary

The Maximum Entropy Method is a precise and systematic way @nalytically continuing
Matsubara-time quantum Monte Carlo results to real frequeties. Due to the exponential
nature of the kernel which relates the spectra and the datahere are manyA with very
di erent character which correspond to the samés. With the MEM we employ Bayesian
statistics to determine which of these is most probable. Bagian inference is also used to
assign error bars to integrals over the spectrum and optinezthe default model.

The posterior probability of the spectrum is given by the prduct of the prior probability
and the likelihood function. The entropic nature of the prio insures that the only corre-
lated deviations from the default model which appear in thepectrum are those which are
necessary to reproduce the data. The form of the likelihoodiriction is determined by the
central limit theorem, assuming that the data are statistially independent and Gaussianly
distributed. Insuring these preconditions is the most crital step in the MEM procedure,

and requires that the data be systematically rebinned and tt the data and the kernel be
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rotated into the space in which the covariance of the data isiagonal.

Once the data has been properly characterized, we calculdate optimal spectrum using
Bryan's algorithm which searches for a solution in the reded singular space of the ker-
nel. Bryan's method is more e cient than conventional techmques which search the entire
spectral space. For any search algorithm three di erent témiques can be employed to set
the Lagrange parameter which determines the relative weight of the entropy and mig:
the historic, classic or Bryan's averaging technique. Witlprecise uncorrelated data, each
returns essentially the same spectrum, but with less-preaa uncorrelated data, Bryan's tech-
nique yields the best results. Also, as the QMC data are systatically improved, images
produced with Bryan's technique appear to converge more aldy than those produced by
the other techniques.

While the systematic preparation of the data as described iSec. IVB4 and the quali -
cation of the spectrum described in later subsections is teaconsuming, we believe that it
is as important to quality of the nal result, as is an accurae MEM code.

Together, the techniques discussed in this section providepowerful, accurate, and sys-
tematic approach to the analytic continuation problem. In @ach case where we have employed
these techniques we have been able to produce spectra that¢ @recise at low frequencies,

and free from spurious (unjusti ed) features at all' .

1. Steps to ensure a robust MEM calculation.

In this section we have summarized the proper implementatioof MEM and given a
number of cautionary notes. As a parting discussion, thesellwbe summarized here along

with a few other common sense rules of thumb.

1. Rebin your data to remove correlations in QMC time.

2. Generate su cient bins of data so thatNg,s ~ 2L whereL is the number of time

slices used.

3. If DMFA/DCA is used to generate the data, be sure that the eor in G from the

previous iteration is negligible.

4. Calculate the covariance of the data making sure that: (lthe eigenvalue spectrum is

continuous (if not, increaseNyi,s), and (2) that the covariance matrix is well enough
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10.

11.

conditioned to allow it to be diagonalized (if not, the data$ oversampled in Matsubara

time).
Diagonalize the covariance and rotate the data and kernglto the diagonal frame.

Choose a good default model, hopefully you can use the aaleg technique. Always
use a non-informative default model unless you acertain that the information in the

model is exact.

. When possible, use Bryan's MEM for marginalizing over.

Systematically improve your data until the calculated spctrum converges.

. When the annealing method is used, if the temperature stegppears large (i.e. the

spectrum changes abruptly) you may want to introduce data aadditional intermediate

temperatures.

If the annealing method is not used, try di erent non-inbrmative default models. A
reliable result is independent of the model. You may also wato use the model with

the highest posterior probability (calculated when Bryars method is used).

If the sign problem is present in the QMC calculations rate the uctuations in sign
to the norm of the spectra and treat the correlations betweethe sign and the data

by including the sign in the covariance matrix as discussed Sec. IV B5.

V. CONCLUSION

We have presented a pedagogical introduction to the dynanaitmean eld and dynamical

cluster approximations, and described two quantum Monte Gk methods as cluster solvers

with the Maximum entropy method used to obtain real frequeng spectra. The DMFA is a

very powerful method for the study of correlated systems, vile DCA incorporates non-local

corrections. Both the DMFA and DCA map the lattice onto a seHconsistently embedded

impurity problem, so that conventional cluster solvers, ke Hirsch-Fye or Continuous time

QMC, may be used. Both techniques are straightforward, butra limited by the minus

sign problem to the study of relatively small clusters at hig temperatures. The maximum

entropy method is used to a ect the Wick rotation of the QMC dda from Matsubara time
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or frequency to real frequency. Although MEM is a reliable ahsystematic method, great
care must be taken in the application of MEM to ensure that thebest possible spectra is
found devoid of spurious features. Together, DMFA/DCA withQMC and MEM provide
the state-of-the-art for the study of correlated model sysims.
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