Introduction:

Vectors and Integrals



| Vectors

N Vectors are characterized by two parameters:
a
* length (magnitude)

e direction

These vectors
are the same
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Vectors

Sum of the vectors: for a larger number of

vectors the procedure is straightforward
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. > i+b+¢C
/ N e
d 6 ¢
Vector .(where .s the
positive number) has the
same direction as . , but a Za

a
d 3+3=23

its length is . times larger

Vector .(where .s the

negative number) has the

direction opposite to . , a —2a
and . times larger length



Vectors

The vectors can be also characterized
by a set of numbers (components), i.e.

a =(a,,3,,...)

This means the following: if we
introduce some basic vectors, for
example X and y'in the plane, then we
can write

d=aX+a,y

X,y usually have unit magnitude

= (a19a2)

T d+b=(a +b,a,+b,)

a
Then the sum of the vectors is the b
sum of their components:

a=(a,a,) —— ca=(ca,ca,)



Vectors: Scalar and Vector Product

Scalar Product

d a -b is the scalar (not vector) = ab COS(¢)
@ = _
b If the vectors are orthogonal then the scalar product is 0
al a-b=0
b
c Vector Product

axP =C isthe VECTOR, the
V magnitude of which is aD sin(@)
; Vector ( is orthogonal _

to the plane formed by d
and )

If the vectors have the same direction then vector product is 0

—

b .
= axb=0
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Vectors: Scalar Product

Scalar Product

—

a -b is the scalar (not vector) = ab COS(¢)

If the vectors are orthogonal then the scalar product is 0

al ; 5.0=0

It is straightforward to relate the scalar product of
two vectors to their components in orthogonal basis

a

(@

Qy

<l

If the basis vectors )_f, yare orthogonal and have unit
@ X magnitude (length) then we can take the scalar product
of vector g = al)'{ +a, S/’ and basis vectors X, y’:

a X = s s = o
ot acos(p)=3a-X=a,X - X+a,y-X=a,
d=aXxX+a,y

from the definition of =1 (unit magnitude) =0 (orthogonal)

the scalar product

acos(z/2—@)=asin(p)=a-y=a,X-y+a,y-y=a,



.6=abCOS(¢) éL a-b=0

dxb=¢C
c = absin(p)
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Vectors: Examples

a. The magnitude of § is 5
S ——— What is the direction and the magnitude of b=-0.23
b The magnitude of bishb=0.2-5=1 , the direction is opposite to g
a’ The magnitude of 3 is S, the magnitude of b is 2, the
angle @ is 7/3
(1)) — What is the scalar and vector product of § and b

i-b=5-2cos(x/3)=5

F < dxb=2¢C

c=5-2sin(xz/3)=5V3
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Integrals

Basic integrals:

bd 1 1 b n 1 N )
‘!X):zn—l(a ‘l_b”‘lj _!de=n—+1(b t—a™')

You need to recognize these types of integrals.

S

Examples:

introduce new variable
b dX B b dX B b+c dy
° . > y=X+C — = —
X+C
a ( ) dy = dx a

Important: Different
Limits in the Integrals

introduce new variable
y=X"+C
dy = 2 xdx

xdx
(x*+¢)"

[
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Integrals

Integrals containing vector functions

y
: E(t) L.
- / t X
! = a — N\ \,Xb

How can we find the values of such integrals?

b
I E(t)dt - this is the vector, so we can calculate each component of this vector
a

We can write E(t) = E,(t)X+ E, ()Y , where only scalar functions E(t), E,(t)
depend on t, but not the basis vectors X,y then integral takes the form

Then the integral takes the form

i E(t)dt = Xi E, (t)dt + yi E, (t)dt

—

so now there are two integrals which contain only scalar functions



| Integrals

Example: ‘@» yL>
[ r@rcosio)dg "@ '

0

I (@) - along the radius, then we can write the radial vector in terms of radius I

F(@)=r(@)X+1,(p)y =rcos(p)X +rsin(p)y

Then we have the following expression for the integral

27

27 27
j F(p)cos(p)dp=r )?I cos’ (@)@ +r S/’j cos(@)sin(p)d =r zX

0 /0 0
12” 272' \ 127[ .
=EI[1+cos(2(p)]d¢=7=;z =E_[s1n(2¢))d(o=0
0
0



Chapter 25

Electricity and Magnetism

Electric Fields: Coulomb’s Law

Reading: Chapter 25
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| Electric Charges

> There are two kinds of electric charges

- Called positive and negative

» Negative charges are the type possessed by
electrons

= Positive charges are the type possessed by protons

» Charges of the same sign repel one another and
charges with opposite signs attract one another
»Electric charge is always conserved in isolated system

Neutral — equal number of positive

£ @ K and negative charges 7@
/ / \
| © D % o @ 8
@ 1+ ®o of

R Positively charged

2004 Thomson - BrooksiCole



| Electric Charges: Conductors and Isolators

> Electrical conductors are materials in which

some of the electrons are free electrons
O These electrons can move relatively freely

through the material
1 Examples of good conductors include copper,

aluminum and silver

> Electrical insulators are materials in which all

of the electrons are bound to atoms
O These electrons can not move relatively freely

through the material
O Examples of good insulators include glass, rubber

and wood

» Semiconductors are somewhere between
Insulators and conductors

®
®
® |cB®
®
®
®

A

Charged Induced
object charges

(a)

004 Thamsen - BrooksCoke
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Electric Charges

Negative charges

are immobile on
Rub the plastic rod This end is the rod’s surface.
still neutral.

with a piece of wool.
i Wool

Plastic

Plastic

The positive charge on the wool is 5

equal to the negative charge on the rod. Metal
Charge is*
transterred to the
metal upon contact.

Y
11

W
-
¥

These charges
repel each other.

Copyright © 2004 Pearson Education, Inc.. publishing as Addison Wesley

Very
fast

o
Charge spreads - -
over the surface
of the metal.

Copyright © 2004 Pearson Education, Inc., publishing as Addison Wesley



Electric Charges

==

Electroscope

I. Megative charges (i.e.. electrons) 2. Metal is a conductor, 3. Like charges repel. The
are transferred {rom the rod to the Therefore charge very guickly negatively charged leaves
metal sphere upon contact spreads throughout the entire exert repulsive forces on

electroscope. The leaves each other, causing them
become negatively charged, to spread apart,

Metal sphere —

Glass box to Metal post

isolate gold leaves__ —

Charging the

electroscope

causes the gold

leaves to repel
" each other.

Very thin —
gold leaves

Mewame

Copyright © 2004 Pearson Education. Inc.. publishing as Addison Wesley



Electric Charges

Bring a positively charged glass rod close to
an electroscope without touching the sphere.

/ A\
“ "

The electroscope 1s neutral, yet
the leaves repel each other. Why?

Copyright © 2004 Pearson Education, Inc., publishing as Addison Wesley



Electric Charges

(a)
The sea of electrons is attracted to the rod and

shifts so that there 1s excess negative charge on
the near surface.

()
+H |-

++H |-

+H -

B e Metal
+H |-
+H T

Positive

+++++++

A deficit of electrons—a net
" positive charge—is created
_ on the far surface.
The metal’s net charge
1s still zero, but 1t has been
polarized by the charged rod.

Copyright © 2004 Pearson Education, Inc., publishing as Addison Wesley



Electric Charges

(b)

The electroscope is polarized by the charged rod.
The sea of electrons shifts toward the rod.

Although the net charge on the electroscope is
still zero, the leaves have excess positive charge
and repel each other.

Copyright © 2004 Pearson Education. Inc.. publishing as Addison Wesley



Electric Charges

No contact

[, The charged rod polarizes the 2. The negative charge on the elecroscope 3. When the rodd is removed, the
electroscope+ person conductor. is isolated when contact is broken. leaves first collapse, as the
The leaves repel slightly, due to polarization vanishes, then repel
polarization within the electroscope, as the excess negative charge
but overall the electroscope has an spreads out, The electroscope
excess of electrons and the person has been negarively charged

has a deficit of electrons.

Copyright © 2004 Pearson Education. Inc.. publishing as Addison Wesley



Electric Charges

The metal This sphere
sphert? acquires - Iemains  pfegal
plastic charge: harged neutral.

. .
------
------

"Charged
plastic

plastic | f

Plastic rod

Copyright © 2004 Pearson Education, Inc., publishing as Addison Wesley

Copyright © 2004 Pearson Education, Inc.. publishing as Addison Wesley

This sphere
acquires

“plastic  petal
charge.”

N

- harged

Metal rod plastic

Copyright @ 2004 Pearson Education. Inc.. publishing as Addison Wesley



Electric Charges

Plastic

L

Rods that haven’t

been rubbed

Plastic

Copyright © 2004 Pearson Education. Inc.. publishing as Addison Wesley

Plastic rubbed
with wool

Copyright © 2004 Pearson Education. Inc.. publishing as Addison Wesley

Plastic
rubbed Glass rubbed

with
wool

with silk /—/

Copyright © 2004 Pearson Education, Inc., publishing as Addison Wesley




Electric Charges

|. The charged rod polarizes

the neutral metal, causing the ; / 2. The rod exerts an upward
top surface to be n::gzlliv;' and H_+++++++-I___++++ J/gj:p/ attractive force on ir!]m EXCESS
the bottom surface to be positive. Fup ____________ electrons at the top surface.
;! P 53
3. The rod also exerts a Fﬂtﬂ____ .................. 4. Because electric force
downward repulsive force on ™, — g decreases with distance,
the excess positive ion cores U S b iy l‘hu.s there is
at the bottom surface. ™., ' a net upward force on the
< — >V = neutral metal that attracts
o it to the positive rod!

Copyright © 2004 Pearson Education, Inc.. publishing as Addison Wesley



| Electric Charges

Charged rod /_/
LOOO" /%035

>Paper

= <y

Copyright © 2004 Pearson Education. Inc.. publishing as Addison Wesley



Electric Charges

(a) Net force on atom

Force on Force on
-_ *—
electrons nucleus
o External 25
@ E charge ~ @\
B Center of ’/,//:1 Center of
s negative charge - positive charge
In an isolated atom, the electron The atom is polarized by the external
cloud is centered on the nucleus. charge, creating an electric dipole.

Copyright © 2004 Pearson Education, Inc.. publishing as Addison Wesley



Electric Charges

(b)
== Net force
+)
External
charges

=)
<@ Net force
Electric dipoles can be created by either
positive or negative charges. In both cases,

there is an attractive net force toward the
external charge.

Copyright © 2004 Pearson Education, Inc., publishing as Addison Wesley

Polarized atoms
P

& | PP

External
o | S T

Insulator

—

Net force

Copyright © 2004 Pearson Education, Inc., publishing as Addison Wesley



| Electric Charges

> There are two kinds of electric charges

- Called positive and negative

» Negative charges are the type possessed by
electrons

= Positive charges are the type possessed by protons

» Charges of the same sign repel one another and
charges with opposite signs attract one another
»Electric charge is always conserved in isolated system

Neutral — equal number of positive
£ @ K and negative charges AN
o @ % > @ 8
7@ @)
@@@ T SV
) @ > 4 Positively charged ()
R c

2004 Thomson - BrooksiCole



| Electric Charges: Conductors and Isolators
- (j_;g e

> Electrical conductors are materials in which

some of the electrons are free electrons
O These electrons can move relatively freely

through the material
1 Examples of good conductors include copper,

aluminum and silver

> Electrical insulators are materials in which all

of the electrons are bound to atoms
O These electrons can not move relatively freely

through the material
O Examples of good insulators include glass, rubber

and wood

» Semiconductors are somewhere between
Insulators and conductors

®
®
® |cB®
®
®
®

A

Charged Induced
object charges

(a)

004 Thamsen - BrooksCoke
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Conservation of Charge

Electric charge is always conserved in isolated system

Two identical sphere
@0 0@ ®
o} :1HC @ O+~O + 5 @9@ E) q, :—ZHC
) e o ® ({é @— Q&
o @)
They are connected by conducting wire-What is the electric
———charge of each sphere?
@0 0@ @0 0@ The same charge . Then the
N » % _&  conservation of charge means that :
e ®_@ q,+q, 1-2
(e) (e) 2q — q1 + q2 q =1 2 _ uC = —05IJC
For three spheres: ¢, =1uC q,=—2uC q,=3uC
+:)+.C)'fr' +:)+-c)'f +:)+-C)?r' 3q:q1+q2+q3
G 0t %te 17243 6 g B
C© e e 3 3




| Coulomb’s Law

« Mathematically, the force between two electric charges:

IE12 = ke q;gz r r/\ffm
* The Sl unit of charge is the coulomb (C) gf "
* k,is called the Coulomb constant /%
— k,=8.9875 x 10° Nm?/C2 = 1/(4me,)
— e, is the permittivity of free space
— e,=8.8542 x 1012 C? / N'm?
Electric charge:

3 electron e=-1.6x10"1°C
3 proton e=16x10"1C

30



Coulomb’s Law

19,119, |
F12:F21:ke 1 2 :

r
Direction depends onthe signof @& e
the product F,, F,
4.4, 9,9, >0
. . 1 2
F — —F opposite directions, D e [ S N
21 12 the same magnitude F, F,
q.9, >0
1 = = 2
L
q.9, <0
The force is attractive if the charges are of opposite sign
The force is repulsive if the charges are of like sign
itude: 1a: 119, | 31
Magnitude: /:12 — /:21 — ke -

r



| Coulomb’s Law: Superposition Principle

» The force exerted by g, on @, is F,,

« The force exerted by g, on g is F,,

* The resultant force exerted on q, is the vector
sum of F,; and F,;

32



| Coulomb’s Law

E —y 39 B ... am B ... 6m », Resultant force:
N 1 2 F, 3 F, £ -F, +E,
q,=1uC q,=-2uC _r
g, =34C =<
Magnitude: Fy
6 6
F, =k 191191 _g gg75.100 210 623 19" Ny=15.10*N
r
6 6
Fy =k, 1% ll%]_g 9575100 10 1?;210 N=22.10*N
r

F,=F,-F,=(15-10"-2.2.10*)N=12.8-10°N

33



| Coulomb’s Law

F —k 397 D" @ LT ; Resultant force:
21 e r2 21 lf IE _ _ .
1 2 * 3 F,=F,+ F32
q,=1uC q,=-2uC £, £
q, =3uC —N—;ﬁ
Magnitude: 32
6 6
F, =k 91191 _g gg75.100 210 623 19 N=15.10*N
r
6 6
F, =k, 191% | _gog75.100 19290y _75. 10N

r

F,=Fp—-F,=(15-10%-7.2.10*)N =7.8 10N

34



| Coulomb’s Law

F —k 9.9, f’ 1 jm ......... A........... om . " Resultant force:
21 e 2 21 F. 1 Fu 2 3 E—F +F.
q,=1uC q,=-2uC 3 3
g, =3uC _»4?
Magnitude: 21
—6 —6
F, =k 1911911 _g gg75 100 1 1?;2 19" N_22.104N
r
6 6
F =k, 1991 _gog75.100 19210 "y _7 5. 104n

r

F=Fy—F,=(7.2.10"-2.2.10*)N =5-10*N

35



Coulomb’s Law

Resultant force:

e r2 R + I:31 - - -
sm " L\ 6m F=FatFy
q1 = 1NC q2 = —ZHC ““““““ 21 ., |E31 IEZI
q3 = 3I‘IC 3 7m 2 _’1
Magnitude:
10°.2-10°
F, =k 19ll%|_ggg75.10° - N=5-10“N

r

F, =k, 19191 _g o875 1

10°-3-107°
0° >

N=1110"°N

r —
13 = -
+ A 5 9 Fs
“““ e “"‘ A .. 6 m
5 m “““ 1 . 6 m F23 5 m “““ 1 ’0‘. - -
tttttt "’. ;“““ \Flz Fl
F13 =+ ‘m_’u ---------------------------- — 4+  ssssssEsEEsEsEEEEEEEEEEEEEEE _’ﬁ -
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Chapter 25

Electric Field

37



| Electric Field

» An electric field is said to exist in the region of space around a
charged object

» This charged object is the source charge
» When another charged object, the test charge, enters this electric
field, an electric force acts on it.
» The electric field is defined as the electric force on the test charge
per unit charge Q

e-F
o

» If you know the electric field you can find the force

—> —>
q ©2004 Thomson - Brooks/Cole

If g is positive, F and E are in the same direction

If g is negative, F and E are in opposite directions ”



| Electric Field

» The direction of E is that of the force on a positive test charge
» The Sl units of E are N/C

Coulomb’s Law: F — k q9, 7

Then

©2004 Thomson - Brooks/Cole



| Electric Field

" A,
> q is positive, F is directed away -
from q "
d The direction of E is also away .
from the positive source charge -
> (@ is negative, F is directed toward q v e {’m
d E is also toward the negative )
source charge | /}/ ;.
Q"
ﬁZKe%fA’ E=q5=kerq—2?
0 o

©2004 Thomson - Brooks/Cole
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| Electric Field: Superposition Principle

« At any point P, the total electric field due to a group of
source charges equals the vector sum of electric
fields of all the charges

E -k Z,f’—zf“’

41



| Electric Field

E = ke%? D....... AL A.......... oM < - »  Electric Field:
r 1 2 E, B E=E+E
q,=1uC q,=-2uC =
===
Magnitude: E,
-6
E, -k 191 _g9875.10° 219 n/c=5.10°N/C
r
E -k 191 _ggg75.10° 1101 N/C
r

E=E,—E, =(5-10°-0.7-10°)N/C = 4.3-10°N/C

42



| Electric Field

q 2 A Electric field
e 2 ! . E, L oL o
- - E=E, +E,
Sm ““““ E 6m
“““ 2 N E N
““““ E

AN
E

1 7m 2
Magnitude
-6
EZ:kel §|=8.9875 10°2 10 N/C=5-10°N/C
r
E1:ke| 1| _g.9875. 1091(5) N/C
r

43



Electric Field

q,=10uC q,=10uC

Direction of electric field?

44



| Electric Field

E = k. %f’ Electric field
' E-E +E,
q,=10uC q,=10uC
5m
1 6m 2
Magnitude:
-6
E2:E1=ke|q§|=8.9875-109105120 N/C=3.6-10°N/C
r
Y 8
E =2E, cos _ 5" -3 :f E-—F
1 P COS @ z - 5 5

45



| Example

q,=10uC q,=10uC

®, = ¢,

E _ Electric field

tan ¢, =i= keclli
mg r’mg

46



T
|
P
Q
QO
N
N

Coulomb’s Law:

€ 2
r
7"/\ +-»/¥12 " /I%n Resultant force:
i 5m . 12 L. -
(// b T le .6m |:1 = |:21 + |:3)1
- f- ““““ "’0. = —
/ 7, W 7 ................... = 3L,

) 3 m 2 =
le (a) Fl

E=kerq—zf E = qE o P

E = E1 + E2 Sm ““““ E 6m

“
*
*
.
*
*
*
.
*
*
*
“
*
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